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Preface 


This book is a sequel to 106 Geometry Problems from the AwesomeMath 
Summer Program. It contains 107 geometry questions used in the Awe- 
someMath Year-Round Program which trains and tests top middle and high- 
school students from the U. S. and around the world. 


The book begins with a theoretical chapter, where we review basic facts 
and familiarize the reader with some more advanced techniques. We then 
proceed to the main part of the work, the problem sections. The problems 
are a carefully selected and balanced mix which offers a vast variety of flavors 
and difficulties, ranging from AMC and AIME levels to high-end IMO prob- 
lems. Out of thousands of Olympiad problems from around the globe we chose 
those which best illustrate the featured techniques and their applications. The 
problems meet our demanding taste and fully exhibit the enchanting beauty 
of classical geometry. For every problem we provide a detailed solution and 
strive to pass on the intuition and motivation lying behind. Numerous prob- 
lems have multiple solutions. 


Directly experiencing Olympiad geometry both as contestants and instruc- 
tors, we are convinced that a neat diagram is essential to efficiently solving 
a geometry problem, Our diagrams do not contain anything superfluous, yet 
emphasize the key elements and benefit from a good choice of orientation. 
Many of the proofs should be legible only from looking at the diagrams. 


In the theoretical part we discuss some advanced theorems from triangle 
geometry and develop the theory of transformations, such as homothety, spiral 
similarity, and inversion. Employing the latter, we demonstrate the effective- 
ness of dynamic geometric thinking, 


True geometric mastery lies in proficient use of common sense methods. 
‘Therefore, we chose to avoid analytical and computational techniques such as 
complex numbers, vectors, or barycentric coordinates, 
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Abbreviations and Notation 


Notation of geometrical elements 


¿BAC 


4 
¿BAC HAC! 


HX. w) 
SABC = ADEF 


SABC ~ ADEF 


HIH, k) 
S(S. k.p) 


convex angle by vertex A 

directed angle between lines p and q 

angles BAC and BAC" coincide 

line through points A and B, distance between 
points A and B 

directed segment from point A to point B 

X lies on the line AB 

X is the intersection of the lines AC and BD 
triangle ABC 

area of AABC 

area of polygon Ay... An 

lines AB and CD are parallel 

lines AB and CD are perpendicular 

power of point X with respect to circle w 
triangles ABC and DEF are congruent (in this 
order of vertices) 

triangles ABC and DEF are similar (in this 
order of vertices) 

homothety with center H and factor k 

spiral similarity with center S, dilation 

factor k, and angle of rotation yp 
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Chapter 1 


Advanced Jopics in Geometry 


Overview of Basic Techniques 


Let us begin with reviewing some basic facts and techniques. Knowing them 
is not essential for further reading so don't get discouraged if you have gaps 
now and then. On the other hand, in order to learn the most from this book, 
we strongly recommend to get a firm grasp of what is presented in this section. 
All proofs (and much more) can be found in the preceding book 106 Geometry 
Problems from the AwesomeMath Summer Program. 


First Triangle Centers 


Proposition 1.1 (Existence of the cireurcenter). In triangle ABC the per- 
pendicular bisectors of AB, BC, and CA meet at a single point. This point 
is called the circumcenter of triangle ABC, is usually denoted by O, and it is 
the center of the circumscribed circle (or simply circumcirele). 


Proposition 1.2 (Existence of the incenter). In triangle ABC the internal 
angle bisectors meet at a point, This point is called the tncenter of triangle 
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We use the following standard xy: notation in triangle ABC with 
semiperimeter &: 


1 2 2 20 Legal, y=s-b= Metab), z=s-c= 20 -. 


the purpose of which is revealed in the next two propositions. 


Proposition 1.7 (Points of contact). Let ABC be a triangle with semiperime- 
ter s. Denote by D, E, F the points of tangency of the incirele with the sides 
BC, CA, AB, respectively, Also let the A-excircle touch the lines BC, CA, 
AB al points K, L, M, respectively. Then the following hold: 


(a) AE AF. BD=BF=y. CD=CE =z. 
(b) AL = AM =s. 
(€) Points K and D are symmetric with respect to the midpoint of BC. 


Proposition 1.8 (xyz formulas), /n triangle ABC we can find the area K, 
inradius r, and circumradius R in terms of z, y, z as follows: 
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(a) 
K = V(x + y + 2)ryz, 
(b) 
= = 
r+yt:" 
(c) 


R= UMD. 
IVF 


Theorem 1.9 (The Extended Law of Sines). Let ABC be a triangle. Then 


in ZA In zh nz 
where R is the cirrumrudius of triangle ABC. 


Theorem 1.10 (Angle Bisector Theorem). In triangle ABC let AD, D € BC, 
be the internal angle bisector. Then 


BD e — cD= ab 
- U 


Theorem 1.11 (The Law of Cosines). Let ABC be a triangle. Then 


a? = 0 +c ~ 2hecos ZA. 


Circles, Tangents 


Theorem 1.12 (Inscribed Angle Theorem). Let BC be a chord of a circle 
w centered at O and let A € w, A B. C. Then the inscribed angle BAC 


corresponding to are BC equals one half of the central angle corresponding to 
the same are. 


Quadrilaterals which are inscribed in a circle are called cyclic and play 
fundamental role in the technique called angle-chasing, 


— ae ati 
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Proposition 1.13 (The key properties of cyclic quadrilaterals). Let ABCD 
be a conver quadrilateral. Then: 


(a) If ABCD is cyclic then any of its sides is visible from the other two vertices 
under the same angle, and any of its diagonals is visible from the other 
two vertices under angles that sum up to 180°. 

(b) If there is a side of ABCD that is visible from the other two vertices under 
the same angle, then ABCD is cyclic. 

(ec) If there is a diagonal of ABCD that is visible from the other two vertices 
under angles that sum up to 180°, then ABCD is cyclic. 


Corollary 1.14 (Angle between chords or secants). Let ABCD be a quadri- 
lateral inscribed in a circle w and denote by P the intersection of its diagonals. 
Suppose that rays BA and CD intersect at R. Finally, denote the inscribed 
angles corresponding to arcs BC, DA (not containing A, B) by 8, &. Then 


(a) ZBPC = 8 +6, 
(b) ZBRC = 8-6. 


Proposition 1.15 (Angle by tangent). Let ABC be a triangle inscribed in 
a circle w, Let £ be a line passing through A diffèrent from AB. Let L be a 


—y— 2——ͤ«õ ete 


point on f such that AB separates points C, L. Then AL is tangent to w if 
and only if ZLAB = ZACB. 


Antiparallel lines 


Given a line n we say that lines f and m (neither parallel to n) are antiparallel 
with respect to line n if the reflection H of £ about n is parallel to m. Observe 
that the following holds: 


(a) If Z is antiparallel to m then it is antiparallel to all lines parallel to m. 

(b) (Symmetry) If £ is antiparallel to m then m is antiparallel to “. 

(c) Given a line n and a set of mutually parallel lines, then lines antiparallel 
to all of these with respect to n form again a set of mutually parallel lines. 


Proposition 1.16. Let line m intersect rays OA, OB of angle AOB at dis- 
tinct points X, Y, respectively, Let line £, , Æ m) intersect lines OA, OB of 
angle AOB at (not necessarily distinet) points P, Q, respectively. Then € and 
m are antiparallel uith respect to the angle bisector of angle AOB if and only 
if one of the following (based on the configuration) holds: 


(a) Points X, Y, P, Q are coneyelic (if they are pairwise distinct). 
(b) Line OA is tangent to the circumcirele of triangle XYQ (if X = P). A 
similar result holds if Y = Q. 
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(c) Line € is tangent to the circumcircle of triangle x V (if t passes through 
0). 


Since antiparallel lines are usually taken with respect to the angle bisector 
of some angle, let us in that case call these lines antiparallel with respect to 
that angle or simply antiparallel in that angle. Of particular interest are 
antiparallel lines that both pass through the vertex of an angle such lines 
are called isogonal. One pair of isogonal lines is especially worth emphasizing. 


Proposition 1.17 (/ and O are friends). In triangle ABC points H (the 
orthocenter) and O (the circumcenter) lie on isogonal lines in each of the 
angles ZA, ZB, ZC. 


Directed angles mod! 180° 


The magnitude of an angle between lines L, m intersecting at vertex O can be 
viewed as a number from interval (0, 180) describing (in degrees) the amount 
of counter-clockwise rotation around O which takes I to m. Let us call this 
quantity the directed measure of an angle and denote it by Z(/,m). Note 
that order of lines in brackets matters in fact (l. n] + Z(m,l) = 180°. 
This notion will be our main weapon for simplifying angle-chasing casework 
throughout the book. 


"This means, we shall work with remainders after division by 180, For example, instead 
of 200°, we shall work with 20°. 


Proposition 1.18. (a) 2(l,m) + (m,n) = <(l, n), with addition mod 180°. 

(b) For any point P A. AB) = 2(PA, AC) if and only if points A, B, C 
lie on a single line in some onder, 

(c) Z(AC,CB) = Z(AD, DB) if and only if points A, B, C, D lie on one 
circle in some order. 


Power of a Point 


Proposition 1.19. (a) Let ABCD be a conver quadrilateral and let P = 
ACO BD. Then the points A, B, C, D are coneyclic if and only if 


PC: PA= PB. PD, 


(b) Let ABCD be a convex quadrilateral and let P = ABO CD. Then the 
points A, B, C, D are concyelic if and only if 


PA-PB= PC- PD. 


(c) Assume points P. B,C are collinear in this order and point A does not lie 
on this line. Then the line PA is tangent to the circumcirele of triangle 
ABC if and only if 

PA? = PB- PC. 


5 c 


Theorem 1.20 (Power of a Point). Given point P and circle w, let E be an 
arbitrary line passing through P and intersecting w at points A and B. Then 
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the value of PA- PH does not depend on the choice of H. Also, if P lies outside 
of wand PT, T € w, is a tangent tow then PA- PB = PN. 

If we denote the center of w by O and its radius by R then PA- PB = 
OP- R?|. The quantity 


p(P,w) = OP? N 
is called the power of point P with respect to circle w. 


Note that the number p(P.w) is negative when P lies inside w, zero when 
it lies on w, and positive otherwise, 


Proposition 1,21 (Radical axis). Let wy, w be two circles with distinct cen- 
ters Or, Oz and radii Ni, Re, respectively. Then the locus of points X for 
which AX, wi) = p(X, wz) is a line perpendicular to OyO2. This line is called 


the radical aris of the two circles, 
wi f 
Ce) ) 


The radical axis is a powerful tool in many problems involving intersecting 
circles since in that case the radical axis is the line joining their intersections, 
which both have equal (namely zero) power with respect to the two circles. 


Proposition 1,22 (Radical center). Let ww wy be circles with pairwise dis- 
tinct centers. Then their pairwise radical azes are either parallel or concurrent. 
The point of concurrence is called the radical center of the three circles, 


H. 


aw — — y a euver 


Proposition 1.23 (Radical Lemma). Let line f be radical azis of the circles 
wy, W. Let A, D be distinct points on w, and let B, C be distinct points on 
w such that the lines AD and BC are not parallel, Then the lines AD and 
BC intersect at € if and only if ABCD is cyclic. 


Theorem 1.24 (Menelaus? Theorem). Let ABC be a triangle and let points 
D, E, F lie on the lines BC, CA, AB, respectively, so that either none or 
two of them lie on the triangle sides. Then the points D, E, F are collinear 
if and only if 


Segments which connect vertex of a triangle with a point on the opposite 
side are called cevians. 


Theorem 1.25 (Ceva’s* Theorem). Let ABC be a triangle, and let P, Q, R 
be points on the sides BC, CA, AB, respectively. Then the lines AP, BQ, 
CR are concurrent if and only if 


BP CQ AR _, 
PC QA NB 


Theorem 1.26 (Existence of isogonal conjugate). Let cevians AP, BQ, CR 
concur at point X. Now construct cevians AP’, BQ’, CHN which are isogonal 
to AP, BQ, CR, respectively, in the respective angles. Then the cevians AP”, 
BQ’, CR are concurrent. The point of concurrence is called the isogonal 
conjugate of X. 


Menelaus of Alexandria (c. 70-140) was a Grock mathematician and astronomer. 
*Ghowanni Ceva (1647-1734) was an Italian mathematician, 
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Directed segments 
A directed segment emanating from A with endpoint B will be denoted by 
AB. 

The important property of directed segments is that the ratio or the prod- 
uct of two directed segments, which are part of the same line, is assigned a 


sign. The sign is positive if the directed segments have the same orientation 
and negative otherwise. By the same logic we have 


AB = -BA. 


— ey ene er 


Homothety 


It is our everyday experience that if we zoom onto certain point, objects don't 
change shape, only size. In this section we give mathematical background to 
the idea of scaling and reveal its further properties. 

Given a point H and a number k different from 0 and 1, homothety (or 
dilation) with center H and factor k is the transformation of the plane which 
sends point A to a point A’ such that: 


(a) Points H, A and A’ are collinear. 
(b) HA’ = k- HA. 


We denote such homothety by H(H, k). 

Part (b) can be equivalently stated without using directed segments if one 
adds that for k > 0 the rays HA and HA! coincide and for k < 0 they are 
mutually opposite, 

Observe that choice k = —1 corresponds to point reflection. 


he2_.-- 


Proposition 1.27. Let H(H,k) be a homothety and denote the images of 
distinct non-collinear points A, B, C by A’, B', C', respectively. Then: 
(a) Line A'B' is parallel to AB. Moreover, A'B = k- AB. 


(b) Homothety preserves angles and ratios. In other words, ZA'B'C’ = 
ZABC and 
A'B’ AB 


BC BC’ 

Proof. (a) If the points H, A, B are collinear, the proposition is valid trivially. 
Otherwise, note that as HA! = k- HA, HB = k- HB, and ZA HB = 
ZAH B, by SAS we have AAH B ~ SA'H B' with factor k, so AB || ABS 
and A'B' = k- AB. 

(b) Since A'B’ A and BC’ | BC, we have ZA'B'C’ = ZABC. Also 


A'B' _k-AB_ AB 


BC’ F- BC’ 
which proves the second part, 


— et — — 
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+ Ree: 25 * B 
Aw is A 4 A 
3 AA, 
r ~ 2 
Pei | | ET 
see grant c 
H H 


Since we have proved that homothety preserves angles, ratios and direc- 
tions, we may now state (leaving details for the reader) that the image of a 
figure is a similar figure of the same orientation. In particular: 


(a) The image of a line is a parallel line. 

(b) The image of a triangle is a similar triangle with corresponding sides par- 
allel. 

(c) The image of a cirele is a circle. 


Proposition 1.28. (a) Given two parallel segments AB and A’ BY of different 
length, there exists unique homothety that maps A to A' and B to E. 

(b) Let ABC and A'B'C' be two non-congruent triangles with parallel cor- 
responding sides. Then there exists unique homothety that maps triangle 
ABC to triangle A. As a result, lines AA’, BB’, CC’ are concurrent. 


Proof, (a) First note that the center of such homothety has to lie on the lines 
AA’ and BB" and denote their intersection by H. Now triangles HAB 
and HA'B’ are similar (AA), so HA'/HA = HB'/HB and homothety 
H(H, HA'/H A) does the job (the case when all the points are collinear is 
left to the reader as a boring algebra exercise). 

(b) Denote by H the center of homothety that maps AB to A'B’. 


Cc 
Such homothety sends triangle ABC to some triangle A'B'X. Since both 
triangles A'B'X and A'B'C' are similar to triangle ABC and have the 


same orientation, they are in fact identical, and hence H, C and C are 
collinear. 5 o 


a” rene 


Keeping these properties of homothety in mind we are now ready to solve 
some examples, 


Example 1.1 (Tournament of Towns 1984). Let P be a point inside a given 
square ABCD. Prove that the centroids of triangles ABP, BCP, CDP, DAP 
form a square. 


Proof. Denote the centroids by Gi, G2, Gs, Gy, respectively, and the mid- 
points of the respective sides of ABCD by Mag, Mac, Mep, Mpa. Since 
the centroid divides the median of a triangle in ratio 2: 1, a homothety H(P, 3) 
sends quadrilateral MagMpceMcepMp, to the quadrilateral GyGyGyGy. As 
MasMacMcpMpza is à square, Gn is also a square, o 


Example 1.2. Let ABCD be a trapezoid with AB | CD and denote by E 


the intersection of its diagonals. Construct equilateral triangles ABF, CDG 
externally. Prove that points E, F, G are collinear. 


3 
U 


` 


* 
i 
' 
12 
abe 
EA. 
a0 
* i 
` 
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Proof. As triangles ABF and CDG are similar and have parallel correspond- 
ing sides, there exists a homothety H that maps triangle ABF to triangle 
CDG. Thus by Proposition 1.28(b) the lines AC, BD and FG are concurrent 
at the center of this homothety implying that £ lies on the line FG. o 


The following example reveals an important fact from triangle geometry. 


Example 1,3 (Euler* line), Let ABC be a non-equilateral triangle and let H, 
G, O be its orthocenter, centroid, and circumcenter, respectively. Then the 
points H, G, O lie on a single line (called the Euler line of triangle ABC) in 
this order, and HG = 2- GO. 


a 


Proof. Denote by Ma, Me the midpoints of sides BC, AB, respectively, and 
consider homothety H(G, 2). 

Since the centroid divides the median in ratio 2: 1, the image of Ma under 
H is A. Also as every homothety maps a line to a parallel line, # sends the 
perpendicular bisector OM, to the A-altitude of triangle ABC. 

By exactly the same argument we find out that H sends line OM, to the 
C-altitude. Therefore it sends the intersection of lines OM, and OM, (which 
is O) to the intersection of A-altitude and C-altitude (which is H). Hence 
points O, G, H are collinear and satisfy 


GH 2.60. 
as desired. D 


Homothety is also a powerful instrument when dealing with circles, Espe- 
cially, if they are mutually tangent. 


Proposition 1.29. Let wy, wp be cireles of different radii ri, ry centered at 
Oi, Og, respectively. 


‘Leonhard Euler (1707-1783) was a Swiss mathematician and physicist. 


— 


(a) There exist two homotheties, one (call it H* ) with positive factor and the 
other (call it H`) with negative factor, that map wy lo w. 

(b) If common external tangents of w, and wz exist and intersect at H, then 
H* is the center of homothety H+, Similarly, if common internal tangents 
of wi, we exist and intersect at H`, then H` is the center of homothety 
nH. 

(€) If wi and w are internally tangent at T, then T is the center of At. if 
they are tangent at T externally, then T is the center of H`. , 


Proof. (a) Let AB and A'B" be parallel diameters of wy, w2, respectively. 


A 
A 
X Zz a 
wy 
B 


By Proposition 1.28(b) there exists unique homothety that maps A to A’ 
and B to H and unique homothety that maps A to H and B to A’. Both 
such homotheties map w; to a circle with center Oz and radius OA which 
is precisely wz. 


we 


(b) It suffices to prove that H* lies om the line 0102 and that #702 = 2. 
The former is clear from symmetry, the latter follows once we denote by 
Ti, Ta the points of tangency of one common external tangent and circles 


wy, wz, respectively, Then H OI ~ SH*OsT> (AA) and hence 
„ 
H Oi O n 


The part concerning H™ is done similarly. 
(c) Finally, if the circles are tangent at T, it is sufficient to prove that 705 =2 
but this is obvious since TO, = re and TO, = ry. Ò 
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Example 1.4, Circles wy, w are internally tangent at T. Chord AB of w 
is tangent to wy at D. Show that TD bisects the angle AT B. 


Proof. Extend TD to meet wy for the second time at D. Since T is the 
center of a homothety which maps ws to wi, point D is the image of D and 
the tangent “ to wy at D' is parallel to AB (the tangent to wy at D). This 
means that D’ is the midpoint of arc AB not containing T. The arcs AD’ and 
D are then equal and so are the corresponding inscribed angles ZAT D' and 
DB. 0 


Example 1.5. Let t be a line. Circles wi, wo, both lying on the same side of 
t, are tangent to it at T, U, respectively. Circle w does not intersect t and is 
externally tangent to w, wo at K, L, respectively, Show that TK, UL, and w 
pass through a common point. 


Proof. Denote by U the line tangent to w parallel to t such that w lies between 
tand t’. Denote by V the point where t’ is tangent to w. 

Homothety Mi with center K that maps w to w sends ¢ to and hence T 
to V implying that points T’, A and V are collinear. Analogously, homothety 
He with center L that maps wy to w sends £ to “ and thus U to V, so U, L, 
V are also collinear and we are done. o 


The previous example is rather apparent if one without loss of generality 
places line £ horizontally with w, wp “above” it. The argument then in fact N 
states that homothety with negative factor sends points from the “bottom” 
to the “top” and vice versa, With this notion the following proposition is 
immediate! 


Proposition 1.30. Let ABC be a triangle and let its incircle w and the A- 
excircle wa louch the side BC at D, E, respectively. Let K be the point on the 
incirele such that KD is a diameter. Then A, K. lie on a single line, 


Proof. We place BC horizontally with A “above” it. 


A 


Then Æ is the “top” point om wa and K, as it is antipodal to D, is the 
“top” point on w. Thus, these points correspond in the positive homothety 
which takes w to wa. Since this homothety has center in A (see Proposition 
1.29), the points A, K. E are collinear. [8] 


The following two examples are a bit more challenging. 


Example 1.6 (IMO 2005 shortlist). In a triangle ABC satisfying AC+ BC = 
3- AB the incircle has center I and touches the sides BC and CA at D and 
E, respectively. Let K and L be the reflections of the points D and E with 
respect to I. Prove that the points A, B, K, L lie on one circle. 


Proof. Using Proposition 1.7 (a), the condition can be rewritten as AB = 
}(AC + BC - AB) = DC = EC. 

Let D’ be the point of contact of the A-excircle with side BC. By Proposi- 
tion 1,7 (c) we have BD’ = DC, so triangle ABD’ is isosceles and AD’ L BI, 
Moreover, points A, K, D’ are collinear (see Proposition 1.30). Hence by 
simple angle-chasing 


ZDKDĎ =% ~ ZK D'B = ZD'BI = ZIBA, 


and the quadrilateral AIK is cyclic. Similarly, quadrilateral ABLI is cyclic, 
so the points A, B, K, L lie on one circle. o 
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Example 1.7 (USA TST 2010). Let ABC be a triangle. Points M and N lie 
on the sides AC and BC, respectively, such that MN || AB. Points P and Q 
lic on the sides AB and CB, respectively, such that PQ || AC. The incircle 
of triangle CMN touches segment AC at E. The incirele of triangle BPQ 
touches segment AB at F. Lines EN and AB meet at R, and lines FQ and 
AC meet at S. Given that AE = AF, prove that the incenter of triangle AEF 
lies on the incirele of triangle ARS. 


Proof. Let BC be horizontal, 

Since AE = AF, there exists a circle w tangent to AB, AC at F, E. 
respectively. We claim that w is in fact the incircle of triangle ARS. Denote 
by FI, Ei the “bottom” points of the incircles of triangles BPQ and CMN, 
respectively, and by D the “bottom” point of w. 


Consider homothety H centered at F that maps the incircle of triangle 
BPQ to w. Clearly, H sends segment PQ to AS and point i to D. Thus, 
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it sends segment FQ to DS implying that DS is tangent to w. Similarly, we 
get that RD is tangent to w, 30 w is indeed the incirele of ARS. 

The rest is just some angle-chasing. Focus on triangle ARS, denote by 7 
its incenter and let J be the intersection of w and segment Al. We want to 
prove that J is the incenter of triangle AEF. 


One of the possible approaches is to realize that by symmetry, AJ bisects 
FAE and that JF = JE. Then ZEFJ = ZJEF = AFA, where the 
second equality follows from tangency and thus also FJ bisects ZEFA. O 


Multiple homothety 


After making ourselves well acquainted with homothety, it is time to discuss 
what happens if we perform two homotheties one after the other, 

If these homotheties share the center, the result is obviously a homothety 
with the same center. If they don’t, the question is more interesting. It turns 
out that (usually) the result is again a homothety. Moreover, the center of this 
homothety is restricted to lie on the line through the centers of the “partial” 
homotheties. This is the content of the following lemma which we utilize 
extensively for the rest of this section. 


Lemma 1.31. Let Hy( Hi, ky), Hol He, ko) be homotheties such that Hy ＋ Ho 
and kika #1. Then their composition (ie. the transformation of the plane 
in which we perform Hy first and then apply Hz to the result) is again a 
homothety with center on the line Hi Ho. 


Proof, Once we know what to prove, it is no longershard. Let AB be a fixed 
segment and suppose that Mi maps it to the segment A'B” which in turn is 
by Hz mapped to AWB”, 

Since both Ho and H; are homotheties we have 


A’ B" || A'B' | AB and “ = ky. A'B' = (kyk) - AB. 
As kika 1, the segments AB and A” B” are parallel and of different length, 


hence there exists a homothety H(H, k) which maps AB to A” B" (see Propo- 
sition 1.28 (a)). a 
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Next we argue that H in fact works for every point in the plane. Indeed, 
let C be an arbitrary point, C” its image in H, and C” the image of C in 
Hz. Then triangles ABC, AC, and A” BC" are mutually similar and have 
corresponding sides parallel, so H maps not only AB to A“ but also C to 
C". Therefore, the composition of H, and Ho is the homothety N. 

Regarding the center of N. observe that Hy is fixed in H, and its image 
in Hz belongs to the line H, Hz. Hence the center of H lies on the line H, Ha 
which finishes the proof of the lemma, 


— 
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The reader is encouraged to verify that (in the setting of the lemma) if 
kika = 1 then performing homotheties Hi, Ita results in translation along the 
line Hy Hp. 

Also, it is worth emphasizing that the resulting homothety has negative 
factor if and only if exactly one of the “partial” homotheties has negative 
factor. 

Next we introduce one direct corollary of the lemma, namely a stunning 
theorem of Monge. 


Theorem 1.32 (Monge's Theorem). Let wy. wy, wy be circles such that the 
common external tangents of w, and w intersect at Hs, those of w and wy 
intersect at Hy, and those of wy and w, intersect at Ha. Then the points Hi, 
Hy, Hy are collinear. 


Proof. Observe that Hs, Hi, Ia are the centers of positive homotheties which 
map wi Lowe, we to wy, and ay to wy, respectively. Since the third homothety 
is the composition of the first two (in other words, wy can be scaled to w 
either “directly” or “vial wz), its center Ho lies on the line Hy H3- 


"Gaspard Monge (1746-1818) was a French mathematician who is nowadays considered 
the “father of descriptive geometry”. A 
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maps w to Q also maps / to O, point H* belongs to OF too. The concurrence 
is thus established. o 


We end this section with one slightly less straightforward example. 


Example 1.9. Points K, L, M, N lie on the sides AB, BC, CD, DA of 
a quadrilateral ABCD, respectively, such that lines AB, CD, and LN are 
concurrent at P and lines AD, BC, and KM are concurrent at Q. Denote by 
X the intersection of KM and LN. Prove that if the quadrilaterals AKXN, 
BLXK, and CMXL have inscribed circles then the quadrilateral DN X M has 
one too. 


Proof. We aim to make use of the Lemma 1.31 again. Denote the circles 
inscribed in quadrilaterals AKXN, BLXK, and CMXL by wy, wy, we, re 
spectively. Further, let wy be the circle tangent to segment XM and rays XN 
and MD. We aim to prove that wy is actually tangent to DN too. 

First we map wa to wte via wy. Since P is the center of positive homothety 
between wa and uy and Q is the center of positive homothety between ws and 
We, the center of positive homothety between wa and w, (call it H) belongs to 
the line PQ. 


Next we map wa to wy via we- As above we realize that the center of 
positive homothety between wa and wy lies on the line HP which coincides 
with PQ. However, this center also has to lie on the common external tangent 
QK of wa and wy, hence the center of positive homothety between wa and wy 
is in fact Q. 

Finally, since wa is tangent to QA, so is its image wy in homothety with 
center Q. o 


Exploring the Triangle 


The most importaht point of focus in Buclidean geometry is certainly the 
geometry of a triangle. It has been investigated for thousands of years and 
new results are still produced. Up to this date over five thousand interesting 
points have been located in a triangle! For the purposes of this book, we will 
concentrate on the two most frequent configurations, Namely those containing 
the orthocenter and the incenter. 


Orthocenter, nine-point circle 


We will see that the orthocenter is in some sense the most convenient point 
in a triangle. The main reason is that due to right angles, many circles are 
involved, and thus angle-chasing is (with few exceptions) a sure-fire strategy, 


Proposition 1.33. Let ABC be a triangle with orthocenter H. Then H lies 
inside the triangle if and only if the triangle is acute, 


Proof. Since H lies on the altitude from vertex A, we may observe that it lies 
inside the half-strip erected on BC if and only if both angles ZB, ZC are 
acute, By applying an analogous argument we obtain that H lies inside ABC 
(inside half-strips over all three sides) if and only if all angles in ABC are 
acute, o 


Note that in a right triangle the orthocenter coincides with the vertex 
opposite to the hypotenuse and the picture degenerates. For this reason we 
will exclude right triangles from further considerations in this section. 

The following lemma is extremely useful when discussing the case of an 
obtuse triangle in problems where the orthocenter is present, It basically says 
that we are still dealing with the same picture, 


Lemma 1.34. Let ABC be a triangle with orthocenter H. Then the ortho- 
centers of triangles BCH, CAH, ABH are points A, B, C, respectively. 
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Proof. Lines AH, AB, AC are in fact altitudes in triangle HBC, because 
AH l BC, AB L CH, and AC L HB, Hence A is the orthocenter in 
triangle 1 BC. The rest follows from an analogous argument. o 


Proposition 1.35 (Basic properties of the orthocenter). Let AA’, BB’, CC* 
be the altitudes in triangle ABC with orthocenter H and circumradius R. 
Then: 


(a) Quadrilateral” H, CAC’ A’, AHA are cyclic with sides BC, CA, 
AB, respectively, as their diameters. 

(b) Quadrilateral? AC'HB’, BA'HC’, CB'HA’ are cyclic with segments 
AH, BH, CH, respectively, as diameters, 

(c) If angles 2B and ZC are acute, then ZBHC = 180° — ZA and otherwise 
ZBHC = ZA. 

(d) The cireumradii of triangles BHC, CHA, AHB are all equal to R. 

(c) Triangles AB'C', AN, A'B'C are all similar to triangle ABC with 
ratios of similitude equal to | cos ZA], | cos ZBI, | cos C|, respectively. 

(f) AH = 2R\cos LA|, BH = 2Ricos B|, CH = 2R| cos ZC. 


Proof. In (a), quadrilateral BCB‘C’ is cyclic with diameter BC since 
HHC WF . For the others the situation is analogous. 

Similarly in part (b), AC'H B' is inscribed in a circle with diameter AIT 
as ZACH = 90° = ZH B'A. The rest follows by analogy. 

For (c), we use the circle through A, B', H, and C. With the help of the 
previous proposition we infer that both ZB and ZC are acute if and only if 
angles ZA and ZC'H B' (= ZBHC) intercept the chord H from opposite 
half-planes. In either case we obtain the conclusion. 

In (d), we write the result of (c) as sin ZBHC = sin ZA regardless of 
whether triangle ABC is acute, 

Then by the Extended Law of Sines the circumradius Hi of triangle BHC 


equals 
BC BC R. — 


Den z Bic  2sinZA 
© Possibly in different order of vertices. . 
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In (e), the similarity SAB'C’ ~ AABC follows from the concyclicity of 
BCB'C'. The ratio of similitude equals 46, which from the right triangle 
ACC" is equal to | cos ZA]. 

For part (f), since by (b) AH is a diameter of the circumcircle of triangle 
AB'C' and the diameter of the circumcircle of triangle ABC is 2R, we can 
conclude by (e). D 


There is still more to come! 


Proposition 1.36 (Reflections of the orthocenter). Let ABC be a triangle 
with orthocenter H. Denote by Ha the reflection of H over the side BC and 
denote by Hi the image of H under reflection about the midpoint of BC. 
Define points Hy, Hg, He, Hi analogously. Then points Hy, Hi, Hy, Hg. He, 
H; lie on the circumeirele w of triangle ABC and All’, BH), CH} are its 
diameters. 


. 
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Proof. Since the circumeircles of triangles ABC and BHC have equal radii 
(see Proposition 1,35(d)), they are in fact symmetric in line BC. Thus Ha 
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being the symmetric point to H indeed lies on w. For H} we note that the 
two circumcircles are symmetric also with respect to the midpoint of BC and 
repeat the same argument. 

If AB = AC, the last part follows from symmetry. Otherwise triangles 
HHH, and HAgM,, where Ma and Ag are the midpoint of BC and the foot 
of the A-altitude on BC, are homothetic with center H and factor 2. Therefore 


A. H. ZH HH = HA = 90° 
and AH} is indeed diameter of w, o 


The most important discovery in this configuration was made by J. V. 
Poncelet? in 1821. It concerns yet another circle. 


Theorem 1.37 (The nine-point circle). Let AA’, BH. CC’ be the altitudes in 
triangle ABC with orthocenter H, cireumcenter O and circumradius R. De- 
note by Ma, My, Me the midpoints of the sides BC, CA, AB, respectively, and 
let Na, Ny, Ne be the midpoints of the segments AH, BH, CH, respectively. 
Then points Ma, My, Me, A“, BY, C, Na, No. Ne lie on a circle with radius 
E - The center Og of this circle bisects the segment OH. Segments NeMa, 
NoMy, NoMe are diameters of the circle, 


Proof. We just take the configuration from Proposition 1.36 and apply homo- 
thety H(H, $). The conclusion follows. 
o 


TJean-Victor Poncelet (1783-1867) was a French engineer and mathematician. 


— 


We also proved that the center Oy of the nine-point circle lies on the Euler 
line of triangle ABC (see Example 1.3). 
Next we show a typical angle-chasing problem involving the orthocenter. 


Example 1.10. Let AK, BL, CM be the altitudes of an acute triangle ABC 
and H its orthocenter. Let S = BLO KM, P the midpoint of AH and 
T=LPOAM. Show that TS L BC. 


Proof. It suffices to show that TS || AK or in other words ZAIT . 
But since HA = ZMAH = ZMLH as MHLA is cyclic (see Proposition 
1.35(b)) we in fact need ZMTS = ZMLS or the quadrilateral TMSL to be 
cyclic. 


This should not be difficult as after a quick glance we see that angles SMT 
and TLS can be expressed in terms of ZA, ZB, ZC. Indeed, since KCAM is 
cyclic 2SMT = 180° — ZC. 

For ZT LS we first calculate ZALP. Knowing that triangle ALP is isosce- 
les (PA and PL are radii of the circumeircle of MHLA) we may write 
ALP = ZPAL = 90° = ZC. Thus ZTLS = NO — ZALP = ZC, 

We obtained 2SMT + ZTLS = 180°, thus TA SL is cyclic and the proof 
is complete. o 


Example 1.11 (All-Russian Olympiad 2008}. In an acute triangle ABC the 
altitudes BB, and CC, intersect at H, O is the circumcenter, and Ag the 
midpoint of the side BC. The line AO intersects the side BC at P, while the 
lines AH and Hic meet at Q. Prove that the lines H Ag and PQ are parallel. 


Proof. Draw the circumcircle w of triangle ABC and let H} be the image of 
H under reflection about Ap. Then H, Ag, H} are collinear and also A, O, 
H}, are collinear as AHY is a diameter of w (see Proposition 1.36). 

In order to prove HH? || PQ it suffices to prove that triangles AQP and 
AHH), are similar. Since these triangles share one angle. we need 38 = 1. 
By Propositions 1,35(f) and 1.36 we have 


AH _ 2Reos ZA _ 


D 
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On the other hand, segments AQ, AP are corresponding cevians (both pass 
through the respective circumcenters) in similar triangles ABC, ABC), so 
from Proposition I. AD we also obtain that 47 = cos ZA. Hence the triangles 
AQP and AH H} are similar and the conclusion follows. o 


Sometimes it is important to realize that what we were given in a problem 
is some part of a well-known configuration. Restoring the rest of it is often 
the winning strategy. Like in the next example. 


Example 1.12 (China Western MO 2010). Quadrilateral ABCD is inscribed 
in a semicircle with diameter AB and center O. Lines tangent to the semicircle 
at points C and D meet at E and the segments AC and BD meet at F. 
Denote by M the intersection of EF and AB, Prove that E. C, M, and D 
are coneyclic, 


Proof. Let AD and BC intersect at X. Now we recognize that F is the 
orthocenter in triangle ABX. Points O, C, D lie on the nine-point circle of 
triangle ABX and ZODE = ZOCE = 90°, so E must be antipodal point to 
O on the nine-point circle. Thus E is the midpoint of FX implying that Af 
is the foot of the altitude from X. As such it also lies on the nine-point circle 
of triangle ABX. o 


_ aur VEUC Y E ENEH 
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Incenter, Midpoint of Arc 


The second point we shall discuss is the incenter. Quite surprisingly. despite 
its close relation to the incircle, its fundamental properties are more related 
to the circumcircle of a triangle. This is due to the fact that angle bisectors 
have nice angular properties, In particular, they bring the midpoints of ares 
into play. 

Proposition 1.38 (Basic properties of the incenter). In triangle ABC in- 


scribed in a circle w let I be the incenter, M the midpoint of are BC ofw that 
does not contain A, and D the foot of the A-angle bisector. Then: 


(a) ZBIC = 90° + 4 ZA. 
(b) M lies on the angle bisector of ZA and MB = MC = MTI. 
(c) 


Proof. For (a), in triangle BIC we have ZBIC = 180° = \2B — 170 = 
90° + 344A. 

In part (b), the ares MB and MC are equal, hence the corresponding 
inscribed angles are also equal and we indeed have Z2BAM = ZM AC. It also 
follows that MB = MC, Next, we calculate the angles in triangle IBM: 


ZBIM = 180° - ZAIB = 54A + 54B 


and 
ZMBI = ZMBC + ZCBI = 34A + 54B. 


Hence the triangle JBM is isosceles with M/ = MB and we may conclude 
the proof of part (b). 
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Finally in (c) we apply the Angle Bisector Theorem in triangles ABD and 
ABC to learn the desired 


o 


Example 1.13 (IMO 2006). Let ABC be a triangle with incenter I. A point 
P in the interior of the triangle satisfies 


ZPBA+ ZPCA = ZPBC + ZPCB. 
Show that AP > Al, and that equality holds if and only if P = I. 
Proof. First, we analyze the condition. 


M 


Since the sum of both its sides equals ZB + ZC, simple angle-chasing gives 
us 


ZBPC = 180° (ZO ZPCB) = 180° — a0 O = 9 + 24 


Thus by Proposition 1.38(a) point P lies on the are BIC. 

Now the key is to recall that the cireumcenter of triangle BIC is the 
midpoint M of are BC that does not contain A. In particular, it is a point on 
the'line AI. Now the conclusion follows just by looking at the picture! Indeed, 
among all the points on the circumecircle of triangle B/C, point J is the one 
closest to A, 

(The rigor seeking reader may for P ¥ f write down the triangle inequality 
in triangle AMP and subtract ALI = MP.) Oo 


Now we will form alternative definitions of the incenter of a triangle, They 
are often useful, expecially in problems, where only one angle bisector is in- 
volved, i 
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Proposition 1.39 (Alternative definitions of the incenter). In triangle ABC 
let I be the incenter, M the midpoint of are BC that does not contain A, and 
let D = AINBC. Let X be a point on segment AD. The following statements 
are equivalent: 


(a) X =I. 
(b) MX = MI. 
(c) ZBXC =? A. 


Proof. We already know that I satisfies both (b) and (c) (see Proposition 1.38) 
so it remains to realize that it is the only point on segment AD with any of 
these properties. 

For (b) it is obvious. For (c), we note that X lies on the circumeircle of 
triangle BCI which intersects segment AM at one point only. o 


Example 1,14 (IMO 2002). Let BC be a diameter of circle w centered at O. 
Let A be a point of w such that ZAOB < 120°. Let D be the midpoint of the 
ere AB which does not contain C. The line through O parallel to DA meets 
the line AC at I. The perpendicular bisector of OA meets w at E and at F. 
Prove that I is the incenter of the triangle CEF. 


Proof. Thanks to condition ZAOB < 120°, point A is the midpoint of are EF 
which does not contain C. Hence line CA is the angle bisector of ZECF. It 
remains to prove Af = AF. We claim that both lengths are in fact equal to 
the radius of the circle w. 


This assertion is obvious for AF because as F lies on the perpendicular 
bisector of AO, we have AF = OF. 

Moreover, since D is the midpoint of are AB, we have ZBOD = 504 = 
éBCA, so OD || CA. But this means that quadrilateral DOTA is a parallel- 
ogram (DA OI was given). Thus Al = DO and we are done. o 


The points on the angle bisector are tied by many relations. One of them 
is a Consequence of a metric identity which holds in a more general framework, 
For reference purposes we shall call it the Shooting Lemma. 


— 
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Proposition 1.40 (Shooting Lemma). Let M be the midpoint of are BC of 
the circle w. Let ray E emanating from M intersect segment BC at D and w 
for the second time at A. Then: 


(a) MDMA = MB?, 

(b) If the incenter of triangle ABC, then MDMA = MP? 

ſe If another ray / from Mf intersects BC at D and w at A’, then DD'A'A 
is cyclic. 


Proof. We start with (a). As M is the midpoint of are BC, we have ZM BC = 
4 4A = ZMAB. Hence the line MB is tangent to the circumeircle of triangle 
ABD (see Proposition 1.15) and by Power of a Point MD- MA = MB?, 
Part (b) follows immediately from AB = MI (see Proposition 1.38(b)). 
And in part (c) the concyelicity of DD’ A’ A is ensured by Power of a Point 
as (a) gives 


MD: MA = MB? = MD). MA‘. 


The following proposition reveals strong connections between the incenter 
and the orthocenter. 


Proposition 1.41. Let A'B'C' be a triangle inscribed in a circle w and with 
incenter J, Let Ma, Mp, Me te the midpoints of ares BC, CA. A of 
w that do not contain points A’, BY, C", respectively. Further, denote by M}. 
Mj, Mi the antipodal points on the circumeirele of triangle A with respect 
to Ma, Mp, Me, respectively. Then we obtain exactly the same configuration 
as in Proposition 1.36 where points A’, BY, C, Ma, Mo. Me, Mi, Mj. Mi 
I correspond to Ha. Hy, He, A. B. C, Hg. Hf. HE, H, respectively (in the 
ngfation of Proposition 1.36). 


— 
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Proof. The angle between lines AA, and Afs Me equals by Corollary 1.14(a) 
the sum of angles corresponding to the shorter arcs AA, and Af, Ma, thus it 
equals } ZC + (324+ $2B) = 90°. Hence A'M, is an altitude in triangle 
Ae AA. Similarly, BA and C'Me are altitudes and so I is the orthocenter 
in triangle Ma MMe and the points A’, , C correspond to the images of 
orthocenter in reflection over the triangle sides. Since points Aff, Mf, and M? 
are antipocal to Ma, My, Me, respectively, they indeed correspond to images of 
orthocenter in reflections about the midpoints of the sides of triangle Ma A Me 
(recall AH% is a diameter). oO 


Excenters, the Big Picture 


In order to reveal another strong connection between the incenter and the 
orthocenter, we add some points in our picture, namely the excenters. Again, 
we may be surprised that the excenters are in a certain way more compatible 
with the circumcircle than with the actual excircles. 

Now, let's disclose the most significant proposition of this section, Quite 
unexpectedly the picture we obtain turns out to be rather familiar! 


Proposition 1.42 (The Big Picture). In triangle ABC with incenter I let 
Mz, Ms, Me be the midpotnts of arcs BC, CA, AB that do not contain points 
A, B, C, respectively. Further, denote by Mj, Mj, M} the antipodal points 
on the ctreumeirele of triangle ABC with respect to Ma, My, Me, respectively. 
Finally, let Ia, Id. Ie be the excenters opposite to vertices A, B, C, respec- 
tively. Then I is the orthocenter of triangle lalale and the circumeirele of 
triangle ABC is the nine-point circle of triangle I, I. This has the following 
consequences: 


(a) Points Mj, Mj, Mf are the midpoints of the respective sides in triangle 
lalale. 


— 
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(6) Quedrilaterals BICT,, CIA, AIBI are cyclic with diameters IIa, 1Ha, 
IIe, respectively. The centers of the respective circles are Ae, My. Me. 

e Quadrilaterals I, IIA, Iah AB are cyclic with diameters Ii Ie, 
lela, laly, respectively. The centers of the respective circles are Mg, Mj, 
Mt. 


Proof, First observe that points J, Je both lie on the external bisector of ZA 
and thus A lies on Tale. Now calculate 


21. Ah = Zl AC + = 5A + zase ~ ZA) = 90°. 


Hence A is indeed the foot of the altitude in triangle lafale. Since an analogous 
argument holds for B and C, then / is indeed the orthocenter of triangle JJ. 
and thus the circumcircle of triangle ABC is indeed the nine-point circle of 
triangle fafale. o 


In the following problems we again apply the idea of integrating the given 
picture into some well-known configuration. 


Example 115 (All-Russian Olympiad 2005). Let ABC be a triangle and I 
its incenter. Denote by A, the midpoint of BC and by M} the midpoint of are 
BC containing verter A. Prove that LIAB = ZIMA. 
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Proof. Draw the Big Picture from Proposition 1.42 and observe that saos 
BC ll. is cyclic, the triangles BIC and Iel Iy are similar, 


Moreover, JA, and IA are corresponding medians in these triangles and 
angles LIAB and ZIMZA also correspond in this similarity and thus are 
equal, D 


Example 1.16 (All-Russian Olympiad 2006). Let ABC be a triangle. The 
angle bisectors of the angles ABC and BCA intersect the sides CA and AB 
at points By and Ci, and intersect each other at point I. The line BiCi 
intersects the circumeircle w of triangle ABC at points M and N. Prove 
that the circumradius of triangle MIN is twice as long as the cireumnadius of 
triangle ABC. 


Proof. Again, draw the Big Picture! We claim that the cireumcirele of triangle 
MIN is in fact the circumeircle w, of triangle 1 L, which we know from 
Propositions 1,42 and 1,35(d) to have twice as long radius as w, the nine-point 
circle of triangle J, JI. 
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It suffices to prove that Ii and lie on the radical axis of w and wy, Since 
then M, N would indeed lie on wy. 


But this follows from the Radical Lemma as BIAL and CIAR are cyclic. 
QO 
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Spiral Similarity 


In the family of geometric transformations there is an exquisite gem with 
a noble name, the spiral similarity. Mastering this transformation ensures 
the deepest insight and the techniques we are about to reveal reduce many 
olympiad problems to simple exercises. 

As the name suggests, spiral similarity will also preserve the shape of a 
figure, but this time also rotation will be involved. 

Given a point S. a positive number &, and an angle ꝶ different from 0° and 
180°. spiral similarity with center S, dilation factor k, and angle of rotation 
¢ is a geometric transformation that sends point A to a point A’ such that: 


(a) SA’ =k- SA, 
(b) Z(SA, SA‘) . 
Such a spiral similarity is denoted by & S. k, p). Note that the triangle SAA‘ 
will have fixed shape (SAS), regardless of which point A we choose. We can 
say that this shape is produced by S. 

S(S",2,-90°) 
S(S,},40°) 


2 
S 


If we allowed p = 0° or = 180°, spiral similarity would reduce to ho- 
mothety. For k = I it reduces to rotation. In general, spiral similarity is a 
composition of these two transformations, 

As homothety maps figures to similar figures and spiral similarity is only 
homothety followed by rotation, it also maps figures to similar figures. More- 
over, these two figures are always directly similar, This means that the cor- 
responding points of the two figures are arranged in the same (either both in 
clockwise or both in anti-clockwise) order. 


Proposition 1.43. Let S(S.k,y) be a spiral similarity. Then: 


(a) Image of a line £ is a line. If we denote it by , then 21. 0 = . 
(b) Image of a triangle ABC ts a triangle H directly similar to it with 
factor k. In other words, 


A'B'/AB = A'C'/AC = B'C'/BC =k 
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and 
AB. A'B') = C. = . B'C’) = 
(c) Image of a circle with radius R is a circle with radius k- R. 
Proof. We shall prove only (a) and leave (b) and (c) as casy exercises for the 
reader, The image of line Z under homothety 11S. k) is a line f parallel to £. 
Image of this line under rotation is again a line, 


Now denote by Xz the projection of S onto f2. Since rotation preserves 
angles, the image X’ of X} under the rotation with center S and angle y is 
the projection of S onto H. Thus if we denote the intersection of H and ( by 
P, we obtain , 0) = 2(o, 0) NN = Z(SXo, SX") = ¢ since S. 
Xo, P, X are concyclic. o 


Our first application of spiral similarity will be the proof of the so-called 
Simson“ line. 
Proposition 1.44 (Simson line). Let ABC be a triangle and X a point in 
its plane. Denote by P, Q, R the projections of X to the sides BC, CA, AB, 
respectively. Then the points P, Q, R lie on a single line if and only if X lies 
on the cireumcirele w of the triangle ABC, 


Proof. First assume that X € w. If X coincides with one of the vertices, we 
get the conclusion immediately. Also, if X is antipodal to one of the vertices 
(say A), then Q = C, R = B and we are done, Otherwise, we look at right 
triangles XPC and XNA. The concyclicity of ABCX gives 


2(X A, AB) = 4(XC,CB), 


which means the triangles are directly similar. Now we consider spiral 

similarity centered at X which sends P to C and thus also R to A and denote 

by Q' the image of Q. Then as we preserve shape, Q € AC and the collinearity 
of P, Q, and R follows from collinearity of their images C, Q’, and A. 

The argument may be reversed to show the “only if part of the statement. 

. (m) 


"Robert Simson (1687-1768) was a Scottish mathematician amd profesor of mathematics 
at the University of Glasgow. 
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One thing to remember about spiral similarities is that they come in 
pairs, Whenever we come across a spiral similarity, there is always another 
one nearby. 


Proposition 1.45. Let SIS. k, Y be a spiral similarity that maps A to A‘ and 
B to F. Then: 


(a) ASAB ~ ASA'B' 
(b) SSAA ~ ASBB'. 


(c) Spiral similarity SIS, V. maps A to B and A’ to B' for suitable choice 
of K and . 


B 
2 ; 
B A T i. 
S 5 
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Proof. (a) Is immediate as & takes triangle SAB to triangle SA'B', 
(b) Follows from the definition of spiral similarity. 
{c} Is a consequence of (b). o 


Note that although these two spiral similarities share a center, they are 
not equal. They differ in dilation factor as well as in the angle of rotation, 

This property of spiral similarity enables us to prove the famous theorem 
of Ptolemy” which provides a metric characterization of cyclic quadrilaterals, 


Theorem 1.46 (Ptolemy's Inequality). Let ABCD be a quadrilateral, Denote 
the lengths of AB, BC, CD, DA by a, b, c, d, respectively, and its diagonals 


"Claudius Ptolemy (90-108 A.D.) was an Egyptian mathematician and astronomer. 
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AC, BD bye, f, respectively. Then 
ac+hd>ef 
and the equality holds if and only if ABCD is cyclic. 


Proof. Consider spiral similarity $ with center C that sends D to B, and 
denote by A’ the image of A under S. 


Since ACDA ~ ACBA! (with factor £), we have BA' = d- Ë, As spiral 
similarities come in pairs, we also have ACDB ~ AC AA’ 8 — 5 £) and 
thus AA’ = f - £. From the triangle inequality applied to triangle ABA! we 
deduce 

4 aw Je = 
c e 


from which the result follows immediately. The equality occurs if and only if 
points A, B, A’ are collinear, i.e. if ZCBA = 180° — ZA'BC = 180° ADN. 
which is equivalent to ABCD being cyclic. o 


Now we shall investigate, whether there exists a spiral similarity which 
sends two given points to two given points. The answer is positive. 


Proposition 1.47. Let A, B. A’, B' be points in plane such that no three of 
them are collinear, Assume that the lines AB and A intersect at P, Then 
there exists unique spiral similarity that sends A to A' and B to B'. The 
center of this spiral similarity is the second intersection of the circumecireles 
of triangles AA and BBP. 


Proof. For S to be the center of the desired spiral similarity $(S, k, 2) that 
maps AB to A'B', we need (SA. SA = Z(SB,SB') = AAB. A'B’) = 
¥ (see Proposition 1,43(b)), implying that $ has to belong to both circles 
8 to triangles AAP and BB’ (recall Proposition 1.18). 
It remains to prove that triangles SAA’ and SBB' are directly similar. 
We have already ensured (SA. $4’) = (SH. SB"), and after we use the two 
circles, we obtain 


AA. AS) = Z(A'P, PS) = Z(B'P, . BS), 
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and we are done (AA), 
If the circumcircles of triangles AA’P and HH happen to be mutually 
tangent, the spiral similarity degenerates to homothety with center P, 0 


The proposition does not apply to cases when some three of the four points 
are collinear. In these cases one of the circles becomes tangent to a correspond- 
ing line. Details are left to the reader. 

The previous proposition can be restated so that it makes us more familiar 
with the configuration of two intersecting circles. 


Proposition 1.48. (a) Let SAB, SA'B' be two directly similar triangles with 
cireumcircles w, w, respectively. Then w, w and the lines AA’, BH pass 
through a commen point. 

(b) Let circles wy, wy intersect at P and S. Then in the spiral similarity & 
with center S which takes w to w point A' € uf is the image of A € w if 
and only if P € AA. 


Proof. (a) If triangles SAB and SA have parallel sides, the common point 
is their center of homothety S. Suppose otherwise, Let P = AA' N BB’. 
Since S is the center of spiral similarity which sends A to B and A’ to 
B', it is (by construction) the second intersection of the cireumcircles of 
triangles ABP and . Hence P lies on both w and w” and we may 
conclude, 
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(b) First note that such spiral similarity exists, Now take points A, B € w and 
denote by A’, B' € w” their images in S. Then since ASAB ~ ASA“. 

(a) gives that AA’ passes through P. We have proved that the (unique) 
image of A in & is the second intersection of AP and w”, so we are done. 

QO 


We have learned that every time we see two intersecting circles with some 
lines passing through one of the intersections, there is a spiral similarity to 
consider. And conversely, lines joining corresponding points in spiral similarity 
often pass through an intersection of two circles. 


Example 1.17 (IMO 2006 shortlist). Consider a convex pentagon ABCDE 
such that 


¿BAC = ZCAD = ZDAE, CBA = ZDCA = ZEDA. 


Let P be the point of intersection of the lines BD and CE. Prove that the line 
AP passes through the midpoint of the side CD. 


Proof. Denote by wi, w2 the circumcircles of triangles BAC, DAE, respec- 
tively, Note that triangles BAC, CAD and DAE are mutually similar (AA). 


Consider the spiral similarity that maps triangle ABC to triangle ADE. 
Proposition 1.48(a) implies that P is also the second intersection of w; and wo. 
From ZCBA = Z2DCA and ZADC = ZAED it follows that CD is tangent 
to both w and wz. Hence the midpoint of CD has equal power with respect 
to wy and w (namely (4cb)*) so it lies on their radical axis AP (consult- 
Proposition 1.21 if needed). oO 


The following proposition can be proved by somewhat technical angle- 
chasing but equipped with the two previous propositions, we give an instant 
proof! 


Proposition 1.49 (Mique! point of a quadrilateral). Let ABCD be a quadri- 
lateral. Assume that rays BC and AD intersect at Q, and rays BA and CD 
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intersect at R. Let wy, wy, ws, wy be the cireumcircles of triangles RAD, 
RBC, ABQ, CDQ, respectively. Then wi, wz, ws, wa pass through a common 
point M. This point is called the Miquel point of the quadrilateral ABCD. 


Proof. By Proposition 1.47, the second intersection M (M # R) of w and 
w2 is the center of the spiral similarity that maps A to D and B to C. By 
Proposition 1.45 it is also the center of the spiral similarity that maps A to B 
and D to C, so again by Proposition 1.47 it lies on wg and w4. 0 


Example 1.18 (USAMO 2006). Let ABCD be a quadrilateral with nonpar- 
allel opposite sides and let E and F be points on the sides AD and BC, 
respectively, such that AE/ED = BP/FC, The ray FE meets the rays BA 
and CD at S and T, respectively, Prove that the circumcircles of triangles 
SAE, SBF, TCF, and TDE pass through a common point. 


Proof. Let M be the center of the spiral similarity S that maps A to B and D 
to C, Then it takes AD to BC and as points E and F divide these segments 
in the same ratio, it also takes E to F. 
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Hence & maps segments AE to BF and ED to FC implying that M is 
the common Miquel point of quadrilaterals ABFE and EFCD. Thus it lies 
on all the desired circles. o 


For ample understanding of spiral similarity the next example is funda- 
mental. 


Example 1.19. Two squares ABCD and A'B'C’D’ (both labelled in counter- 
clockwise order) are given in plane. Denote the midpoints of segments AA‘, 
BH, CC’, DD’ by Ay, By, Cy, Dy, respectively. Prove that I HCD is a 
square, 


Proof. Consider spiral similarity S that maps A to A’ and B to B'. The 
image of ABCD under & is also a square, As it shares vertices A’, H' with 
D and has the vertices labelled in the same order, it is in fact identical 
to A. Hence S maps ABCD to AR 


Now observe that by Proposition 1.45(a) triangles ASA’, BSB’, CSC", and 
DSD are mutually similar, Since segments SA. SB,, SC), SD, are medians 
in similar triangles, we have AASA, ~ ABSB, ~ ACSC, ~ ADSD,. Thus 
spiral similarity S'(S, S. Z(SA, SA1)) maps ABCD to Ay ByCyD, implying 
that Ay B,C, D; is indeed a square. Q 


Apparently, this example illustrates a more general concept. For example, 
we could replace two squares by any two directly similar figures. Also, we 
could divide the segments AA’, BB’, CC’, DD’ in any given ratio and the 
proposition would still hold. Loosely speaking, any “weighted average” of two 
directly similar (i.e. not necessarily equally oriented but labelled in the same 
direction) figures is a similar figure. To generalize yet further, we may even 
“average” more figures than two, The centroids, for instance, of the triangles 
formed by corresponding vertices of three mutually similar n-gons form again 
a similar n-gon. From now on we will refer to this principle as Averaging 
Principle. 1 

Taking a bit different point of view we also sec that if we join corresponding 
points of two directly similar figures and “glide” uniformly along these lines, 
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then the shape of the figure is preserved. We choose to call this the Gliding 
Principle. 


These principles generate tons of olympiad problems. Instead of a square, 
we can take a triangle with its orthocenter, segment with its midpoint, and so 
on, Every time we obtain a challenging problem! 


The last example in this section only combines the ideas already discussed 
and fully exposes the power of spiral similarity. 


Example 1.20. Let circles wy, wp centered at O1, Oz, respectively, intersect 
at P and S. Points A, D on w; and B, C on wz are chosen such that segments 
AC and BD intersect at P. Denote the midpoints of AC, BD, 0107 by M, 
V. O, respectively. Prove that O is the cireumcenter of triangle MNP. 


Proof. Again by Proposition 1.48(b), S is the center of spiral similarity that 
sends A to C, D to B, w; to wy and thus also O; to O2. 


As triangle SAD glides to triangle SCB, its cireumcenter Oi glides along 
0107 and since P and S are symmetric about O12. its circumcircle at all 
times passes through P. Focusing on the situation in the middle of its way we 
realize that S. M, N, and P lie on a circle with center O. (m) 
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Inversion 


The most exotic geometric transformation we shall cover in this book is inver- 
sion. Unlike the transformations we have seen so far when applying inversion, 
figures may substantially change their shape. Yet, as we will see, inversion is 
an ultimately powerful tool in solving geometric problems. 

Properties of inversion can be stated more efficiently if we introduce a point 
at infinity, We shall denote it as co and we establish that it lies on each line. 
This extended plane is called the inversive plane, 

Now let's disclose the definition. Given a circle w with center J and radius 
r > 0 we define the image X’ of point X under inversion about w as follows: 


(a) If X =I. then X’ = œ. 
(b) If X = 00, then X’ = J. 
(e) Otherwise, X“ is such point on ray IX that IX IX N. 


Observe that points inside w (with IX < r) are mapped to the outside 
(LX! > r) and vice versa, while w is left intact. Further, if we perform inversion 
about the same circle twice, we obtain identity mapping (nothing happens). 
In other words, X” is the image of X if and only if X is the image of X“. 

Let's discover some further properties. 


Proposition 1.50. Let X be a point outside the circle w centered at I. Let 
tangents from X touch w at points A, B. Finally, denote by X’ the midpoint 
of AB. Then X' is the image of X under inversion about w. 


— 


— 
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Proof. First note that by symmetry points J, X’, X are collinear and IX = 
90°. Since AX is tangent to w, we also have Z/AX = 90°. Thus ALX’A ~ 
AIAX (AA) and IX’: IA = 1A; IX which implies the desired result, O 


Soon, when we apply inversion to problems, the following property will 
be crucial, It will allow us to recalculate distances and angles in the inverted 
picture. 


Proposition 1.51. Let I, X, Y be pairwise distinct non-collinear points. 

Denote by X’ and Y’ the images of X and Y under inversion about a circle with 

center I and radius r > 0. Then AXIY ~ AY'IX' with ratio of similitude 
yr — 2 

* Ny In particular, 

(a) ZXYI = ZIX'Y’, 

(0) R = XY · r. 

(c) XY XN. rp 


Proof. By the definition of inversion we obtain pa = ror = N. implying 
AXIY ~ AY'IX' (SAS). Parts (a) and (b) follow immediately, and for part 
(c), just recall that points X, Y are the images of X. and Y“ and use (b). O 


As we will see, the radius of inversion may often be chosen arbitrarily. In 
such case, we shall use the notion of inverting about a point, The radius will 
be considered to be equal to 1. 


Now let's see what happens to lines and circles after inversion. The answer 
is surprisingly convenient! 


Proposition 1.52. Denote by f the image of line £ under inversion about I. 


(a) YI Et, then H =£. 


(b) If I ¢ £, then l is a circle with center O passing through I such that 
0111. 


Proof. Part (a) is immediate since images of points from £ never leave this line 
and every point is attained (recall that J maps to co and co maps to ). 
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For part (b), denote by X the projection of J on £, and let Y € £, Y 4 
X. Further, denote by X’, Y” the images of X, Y under the inversion. As 
ITX = ZIXY = 90°, point Y lies on the circle with diameter ZX’. It 
can be easily seen that each point of this circle is indeed attained (again recall 
that J maps to co and oo maps to J). oO 


Proposition 1.53. Denote by uw’ the image of circle w with center O under 
inversion about J. 


(a) If I Ew, then u” is a line perpendicular to OF, 
(b) If 1 g w, thena” is a circle. Moreover, centers of w and w are collinear 
with J. 


Proof. Part (a) is essentially the same statement as Proposition 1.52(b). 


of 


For part (b), let a line through J intersect w at points X and Y and denote 
by X’, Y” their respective images under inversion. Again we have 
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thus if we consider homothety H(I. IHN. then points X’, Y’ are images of 
Y, X (in this order!). Since by Power of a Point the quantity wit is constant 
as points X and Y vary on w, the set w’ is just the image of w in homothety 
H and inevitably it is a circle, Also, centers of w and w are collinear with J. 

o 
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Which objects correspond under inversion about I? 


It should be stressed that while circles are often mapped to circles, it is 
not true that their centers would be mapped to one another! 

Mystery remains about how we apply inversion in problems, The idea 
is that we invert both the figure and the desired conclusion to obtain an 
equivalent problem. Very often (but not always!) this equivalent problem is 
far easier to solve. 

As we will see in the first example, inverting about a point with many 
circles passing through it usually leads to a much simpler figure. 


Example 1.21 (IMO 2003 shortlist). Let Ti, La. Ta, Ta be distinct circles 
such that T,, U3 are externally tangent at P, and U2, l; are externally tangent 
at the same point P. Suppose that Ty and Lz. Fo and Ty, La and Ty. Uy and 
F; meet at A, B, C, D, respectively. and that all these points are different 
from P. Prove that 

AB-BC _ PB? 

AD-DC PDY 
Proof. Invert about P (using standard notation for images X = X’). Since 


the circles F1, lz are tangent at P, their centers are collinear with P and thus 


— — 
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the circles will be transformed into a pair of parallel lines. The same argument 
applies for the circles Lz. Lü. Now observe that points A’, B', C’, D’ are the 
intersection points of two pairs of parallel lines, and so they form (in this 
order) a parallelogram. In particular, we have A'B’ = and H = AD 
In terms of distances from the original picture this means (see Proposition 
1.51(b)) 


AB CD BC 5 AD 
PA-PB POPP PB-PC PD-PA’ 
Multiplying these two relations gives the result. o 


The previous proof, although it is very short, does not give any guidelines 
as to how we should be proving metric identities after inversion. In the next 
example we will try to make it more understandable. The idea is that we 
perform some calculation (Proposition £.51(c}) to see how the desired metric 
condition transforms into the inverted picture, 

This time the strange constraints imposed on angles motivate the inversion, 
We hope they turn into something more approachable, 


Example 1.22 (IMO 1996). Let P be a point inside a triangle ABC such 
that 


ZAPB - ZACB = ZAPC - ZABC. 


Let D, E be the incenters of triangles APB, APC, respectively. Show that 
the lines AP, BD, CE meet at a point. 


Proof. We want to prove that the angle bisectors of 2PBA and ZAC P both 
intersect AP at the same point Z. By Angle Bisector Theorem applied to 
triangles PBA and PCA. this happens if and only if 


% AZ _ AC 
PB ZP PC 


Hence it suffices to prove $f = AG or AB- PC = AC- PB. 


A 
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Invert about A. First, let's find out what happens to the metric relation 
we are proving. By Proposition 1.51(c) we are left to prove 


1 PC Bigs PB, 


or equivalently C = N. Now we transform the angular condition into 
the inverted picture. By Proposition 1.51(a) it is equivalent to 


ZP B'A — ZC'B A= ZP'CA-ZBC'A, 


or just H H. So the triangle PO is isosceles, which is 
exactly what we needed! o 


To get a firm grasp of the previous technique, we strongly encourage the 
reader to try to solve the last example by inverting about P. The calculation 
is very similar. 

Unlike the previous examples, this time we shall not use inversion to switch 
toa different problem. We consider some of its effects without leaving the given 
configuration. In such cases a good choice of inversion radius is often crucial. 


Example 1.23 (Iran 1995), Let M, N, P be the points where the incirele of 
scalene triangle ABC touches its sides BC, CA, AB, respectively. Prove that 
the orthocenter of triangle MNP, the incenter I of the triangle ABC and the 
circumcenter O of the triangle ABC are collinear. 


Proof, Note that I is the circumeenter of triangle MNP, so we are in fact 


proving that O lies on the Euler line (see Example 1.3) of triangle MNP. We 
invert about the incircle, 


The images A’, B', C of points A, B, C are the midpoints of NP, MP 
and MN, respectively (see Proposition 1.50). Thus the circumcirele of triangle 
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ABC is taken to the circumcircle of triangle A., i.e. the nine-point circle 
of triangle MNP. Denote the circumcenter of this nine-point circle by X. 
As the center of a circle, the center of its image and the center of inversion 
are collinear, points O, X and 7 lie on a single line (but X is not the image of 
O, beware!), However, both f and X lie on the Euler line of triangle MNP 
(see Proposition 1.37), hence O lies there too. (m 


Vbc-inversion 


The last technique disclosed in this book connects inversion with antiparallel 
lines and triangle geometry, Given a triangle ABC we consider the transfor- 
mation which first reflects point X over the A-angle bisector into X’ and then 
inverts X’ about A with radius V into X”. We call X” the image of X in 
Vbe-inversion. 

The seemingly complicated definition has many immediate and very pleas- 
ant consequences. 


Proposition 1.54 (Vbe-inversion properties). Jf we consider ybe-inversion 


in triangle ABC with angle bisector £ and circumcircle w then the following 
holds: 


(a) B maps to C, C maps to B. 
(b) w maps to BC, BC maps to w, 
(€) Lines AX and AX’ are isogonal for X # A. 


Proof. As AB and AC are symmetric with respect to £ the image of B' lies 
on AC. Moreover, by the definition of inversion 


AB - AB’ = AB- AC. 


thus indeed AB’ = AC and B' = C. For the same reason also C maps to B, 
which concludes the proof of (a). 

For (b) just observe that the image of w is a line passing through H. = C 
and C’ = B. Part (c) goes without saying. 
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The power of \/be-inversion will be demonstrated on two examples. 


Example 1.24. Let w be the circumcirele of triangle ABC, Circle wy is 
inscribed in angle BAC and touches w internally at T. Let D be the point of 
tangency of BC and the A-ercircle, Show that ZBAT = ZDAC. 


Proof. We apply Vbe-inversion and observe that wi is still inscribed in Z2BAC 
and as w} touched w internally, w} touches BC externally, hence a” is the 
A-excirele of triangle ABC. Thus T and D correspond in the Vbc-inversion 
and the conclusion follows, 


o 


Example 1.25 (Serbia 2008). Triangle ABC is given. Points D, E lie on 
the line AB such that AD = AC, BE = BC, and the points D, A. B, E 
are collinear in this order, Bisectors of internal angles at A and B intersect 
BC, AC at P and Q, respectively, and the circumcircle of triangle ABC at 
M and N, respectively. Line through A and the center Oi of the circumcirele 
of triangle BME and line through B and the center Oz of the circumeirele of 
triangle AND intersect at X. Prove that CX L PQ. 


Proof. We approach the point Æ metrically and use the Angle Bisector The- 
orem (see Proposition 1,10) to obtain 


ate 


AE AQ = (a+c)- 


— a a 
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Then in Vbc-inversion points E and Q correspond as well as points P and 
M. Thus the circumcirele of triangle BME corresponds to the circumcirele 
of triangle CPQ centered at O. Therefore, the line AO is isogonal to the 
line AO, in HA (see Propositions 1.53(b) and 1.54(c)). Similarly, BO is 
isogonal to BO: in ZABC and thus O and X are isogonal conjugates with 
respect to triangle ABC (see Proposition 1.26), Finally, in triangle CQP the 
line CX is isogonal with CO, thus it is the altitude (recall Proposition 1.17) 
and we are done, o 


Chapter 2 


Introductory Problems 


I. Determine on which side is the driver's seat in the car depicted in the 
figure. 


2. In right triangle ABC with hypotenuse BC let D be the foot of altitude 
from A. Show that 


BD- DC DA BD-BC=BA*, and CD-CB=CA?. 


3. Parallelogram ABCD is given, The bisectors of ZA and ZB meet at E 
on the side CD. Prove that triangle AEB is right and that AB = 2AD. 


d. Let AB be a fixed segment and d > 0. Find the locus of the centers O 
of parallelograms ABCD with BC = d, 
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5. Through a fixed point O which is midway between two parallel lines we 
draw a variable line which intersects the parallel lites at points X, Y, 
respectively, Find the locus of points Z such that the triangle XYZ is 
equilateral, 


6. Convex quadrilateral ABCD is cut by lines connecting midpoints of its 
opposite sides into four pieces. Show the pieces may be rearranged to 
form a parallelogram. 


7. Points D, E vary on the side BC of a triangle ABC such that BD = CE. 
Denote by Af the midpoint of AD. Prove that all lines ME pass through 
a fixed point. 


S. Show that the composition of two point reflections (i.e. performing one 
after the other) with distinct centers Oi and Oz results in a translation. 


9. In acute triangle ABC let Ay, By, C, be the midpoints of the respective 
sides and Ap, Bo, Co the feet of respective altitudes. Prove that the 
length of the closed broken line Ap)CoA; BoC) Ap equals the perimeter 
of triangle ABC. 


10. Fixed circles w, w of distinct radii are externally tangent at T. Consider 
all pairs of points A € wi, B S w such that ZATB = 90°. Show that 
all such lines AB pass through a fixed point. 


11. Let ABC be a triangle. Denote by M, N, P the midpoints of its sides 
BC, CA, AB, respectively, and by J, K, L the incenters of the triangles 
APN, BMP, CNM, respectively. 


(a) Prove that AJKE ~ SABC. 


(b) Prove that lines JM, KN, and LP are concurrent on the line IG, 
where I and G are the incenter and the centroid of triangle ABC, 
respectively, 


— eee 


12. 


14. 


15. 


16. 
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Let ABC be a triangle with AB < AC. Denote by Ap the foot of its 
A-altitude, by D the point of contact of the incircle with the side BC, 
by A the intersection of BC with the angle bisector of ZA, and finally 
by M the midpoint of BC. Prove that points Ap, D, K. M are mutually 
different and lie on the line BC in this order. 


Let w be a fixed circle with center at O and radius R and let A be a 


fixed point outside the circle, Point X varies on w so that A, O, and X 
are not collinear, Find the locus of the intersections Y of AX with the 
angle bisector of AOR. 


A variable point X runs along a semicircle w with diameter AB (X # A, 
X # B). Let Y be such point on the ray XA that XY = XB, Find the 
locus of points Y. 


A variable regular hexagon ABC DEF has fixed point A and its center 
O is moving along a given line. Prove that the remaining five vertices 
also describe straight lines and that these lines are concurrent. 


Let ABCD be a cyclic quadrilateral and let Hy, He be the orthocenters 
of the triangles ABC and ABD, respectively. 


(a) Show that points A, B. Hy, H, lie on a single circle. 


(b) Draw also Ha and My, the orthocenters of triangles BCD and CDA, 
and prove that ABCD is congruent to Ha 1. 


Let D and E be the points of contact of the incircle of triangle ABC 
with its sides AB and AC, respectively. Also, let X be the circumcenter 
of triangle BIC, where I is the incenter of triangle ABC. Show that 
ZXDB = ZX EC, 


18. 


19. 


21. 
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Let ABC be a scalene acute-angled triangle with orthocenter H. Show 
that the Euler lines! of triangles BHC, CHA, AHB intersect at one 
point on the Euler line of triangle ABC, 


Let ABC be a triangle and D the foot of its A-altitude. The line through 
A parallel to BC intersects the circumeircle w of triangle ABC for the 
second time at E. Prove that line DE passes through the centroid of 
triangle ABC. 


Let w; and wy be circles whose centers O;, Oz are 10 units apart and 


whose radii are 1 and 3 units. Find the locus of points Af which are the 
midpoints of some segment XY, where X € w and Y E a». 


Let w be a given circle. Points A, B, and C lie on w such that ABC is an 
acute triangle. Points X, Y, and Z are also on w such that AX 1 BC 
at D, BY L AC at E, and CZ L AB at F. Show that the value of 


AX „BY | CZ 
AD BE CF 
does not depend on the choice of A, B and C, 


. Let ABC be a triangle with ZA = 90° and let L be a point on BC. The 


circumcireles of the triangles ABL and ACL intersect AC and AB for 
the second time at Af and N, respectively. Prove that BM L CN. 


. Triangle centers in other roles, 


Let ABC be an acute triangle. Pedal triangle of a point X is the trian- 
gle formed by the projections of X onto the triangle sides. Denote by 
1, O, H the incenter, circumcenter, and orthocenter of triangle ABC, 
respectively, 

(a) Prove that J is the cireumcenter of its pedal triangle. 

(b) Prove that O is the orthocenter of its pedal triangle. 

(c) Prove that J is the incenter of its pedal triangle. 


‘For explanation see Example 1.3 
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24. Given a right triangle ABC, let ABDE be a square erected outwards 
from its hypotenuse AB. Prove that the angle bisector of ZC bisects 
the area of the square ABDE, 


25. Let ABCD be a rhombus with a point P on the side BC and Q on the 
side CD such that BP = CQ. Prove that the centroid of the triangle 
APQ lies on the segment BD. 


26. Let ABC be a triangle. Points M, N on its sides AB, AC, respectively, 


satish 
J BM „ CN 
AB" AC" 


The line perpendicular to MN passing through N intersects side BC at 
P. Prove that ZMPN = ZNPC. 


27. Let ABC be a scalene triangle and denote by D the intersection of the 
external angle bisector at A with line BC, Prove that 


(a) DB/DC = AB/AC. 


(b) If we define points E € AC and F € AB also as feet of the respec- 
tive external angle bisectors, then D, E, and F are collinear. 


28. Let ABC be a scalene acute triangle. Draw points K, L, M, N such that 
ABMN and LBCK are congruent rectangles erected outwards from the 
triangle sides. Prove that lines AL, NK, MC are concurrent. 


29. Let ABCD be a convex quadrilateral whose diagonals intersect at right 
angle at O. Prove that the reflections of O across lines AB, BC, CD, 
DA are concyclic. 


30. Let ABCD be a cyclic quadrilateral and let II, Ia be the incenters of 
the triangles ABC and ABD, respectively, 


(a) Show that the quadrilateral ABI; Jy is cyclic. 


31. Let 
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(b) Draw also Jy and J4, the incenters of triangles CDA and BCD, and 
prove that J) /olg/, is a rectangle. 


M be the midpoint of the side BC of a triangle ABC. Point K on 
the segment AM satisfies CK = AB. Denote by L the intersection of 
CK and AB. Prove that triangle AK L is isosceles. 


Let Ay, By, Cy be the midpoints of the ares BC, CA, AB of the cir- 


cumcircle of triangle ABC (not containing A, B, C, respectively) and 
let Ag, By, Cn be the tangency points of the incircle with BC, CA, AB, 
respectively. Prove that the lines Ay Ao, Bi Bo, CyCe are concurrent. 


. Let ABC be a triangle with incenter J and A-excenter E. Further, let M 


be the midpoint of are BC that does not contain A, and let D = AINBC. 
Prove the following metric identities: 

(a) AD: AM = AB- AC. 

(b) AI- AE = AH AC. 

(e) MA-ID = MI-AI. 


Points M and N vary over the interiors of the sides AB and AC of a 


triangle ABC so that BM/MA = AN/NC. Prove that the cireumcircles 
of the triangles AMAN pass through another fixed point different from 
A. 


- A triangle ABC and a point D in its interior are given. Consider points 


E, F such that FR ~ ACEA ~ ACDB, points B and E lie on 
different sides of the line AC, and points C and F lie on different sides 
of AB. Prove that AEDF is a parallelogram. 
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36. Napoleon's? Theorem 


40. 


Let ABC be a triangle and let BCD, CAE, ABF be equilateral triangles 
erected outwards from its sides. Show that the centroids Ai, By, Cy of 
these equilateral triangles also form an equilateral triangle. 


. Let X be a point in the plane of triangle ABC such that 


A gig 2 
XA AS AC. 


Prove that the images of points A, B, C in inversion about X form an 
equilateral triangle. 


ma:b:c. 


- Let ABCD be a trapezoid such that BC || AD and ZCBA = 90°. Let 


M be a point on AB satisfying ZCM D = 90°. Let AK be an altitude 
in triangle DAM and BL an altitude in triangle M BC. Prove that the 
lines AK, BL, and CD are concurrent, 


. An angle with vertex V and a point A in its interior are given, Points 


X, Y lie on the respective rays of the angle such that VX = VY and the 
sum AX + AY is the minimal possible. Prove that ZN AV = ZY AV. 


Let ABC be a triangle with AB = AC, Let K, L be the points on the 
sides AB, AC, respectively, such that KL = BK + CL. Let M be the 
midpoint of KL. The line through M parallel to AC intersects BC at 
N. Find the magnitude of the angle KN L. 


Let ABC be a triangle and D the point of contact of the incirele w with 
BC. Let DX be a diameter of w. Show that if ZBXC = 90°, then 
50 = 3(b Lc). 


Napoleon Bonaparte (1769-1821) was a French amateur mathematician who sadly chose 
to win his fame in much lew peaceful manner, è 
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14. 


45. 


47. 


48. 
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Given a triangle ABC with circumcenter O, orthocenter H, and circum- 
radius R, prove that OH < 3R. 


. Circles we, wy are internally tangent to a circle w at distinct points A, B, 


respectively. Moreover, they are tangent to each other at T. Denote by 
P the second intersection of AT and w. Show that BP is perpendicular 
to BT. 


Let ABC be an acute-angled triangle with orthocenter H. Let A’, B', C’ 
be the images of A, B, C, respectively, under inversion about H. Prove 
that H is the incenter of triangle AH. What happens if triangle ABC 
is obtuse? 


Circles wa, wy are internally tangent to a circle w at distinct points A, B, 
respectively. Moreover, they are tangent to each other at T. Denote by 
P any intersection of w and their common tangent through T. Let the 
lines PA, PB intersect wa, w for the second time at X, Y, respectively. 
Show that XY is a common tangent of wa and wy. 


Let ABC be a triangle and D the foot of the altitude from A. Let E 


and F lie on a line passing through D such that AE is perpendicular to 
BE, AF is perpendicular to CF, and E and F are different from D. Let 
M and N be the midpoints of the segments BC and EF, respectively. 
Prove that AN is perpendicular to NA. 


Four distinct points P, Q, R, and S are given in plane. such that PQRS 
is not a parallelogram. Find the locus of centers O of rectangles whose 
sidelines AB, BC, CD, and DA pass through P, Q. R, and S. respec- 
tively. 


Let w be a circle, BC its fixed chord, and A a variable point on its major 
are BC. Let M be the point on the segment AB such that AM = 2MB 
and let K be the projection of Af onto AC. Show that point K moves 
along a circular are. 
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49. In triangle ABC the line isogonal to the median is called the symmedian. 


51. 


52. 


8 


Let w be the circumcirele of triangle ABC. 


(a) If ZA 4 90° denote by T the intersection of tangents to w at points 
Band C. Prove that line AT is the A-symmedian in triangle ABC. 
(b) Let the A-symmedian in triangle ABC meet w for the second time 
at S. Prove that 
BS- AC = CS AB. 


„ Let A, B, C, and D be distinct points in the plane not lying on one 


circle. Each set of three points is inverted with respect to the fourth 
point. Show that the resulting four triangles are mutually similar. 


Quadrilateral with escribed circle, 


Circle w is inscribed in angle EAF and is tangent to AE at E and to AF 
at F. On the segments AE and AF choose points B and D, respectively. 
Let the tangents from B and D tow (distinct from AB and AF) intersect 
at C. Show that: 


(a) AB + BC =CD + DA. 


(b) The incircles of triangles ABD and BCD touch BD at symmetric 
points with respect to the midpoint of BD. 


Triangle ABC is inscribed in circle w with radius R centered at O. 
Let I be the incenter of triangle ABC and r its inradius. Prove that 
OF = R? — 2Rr. 


. Customizing inversion, 


(a) Let w be a circle and / a point outside of it. Prove that there exists 
a circle į with center J such that w is preserved in inversion about 
i. 

(b) Let wy, wo, ws be three circles with non-collinear centers, each out- 
side of the other. Prove that there exists a circle i such that inver- 
sion about i preserves wy, wy, and uty. 


Chapter 3 


Advanced Problems 


n acute triangle ABC let E. F be the points of contact of the incircle 
with the sides AB, AC, respectively, and let L and M be the feet of B 
and C-altitudes. Show that the incenter J’ of triangle ALM coincides 
with the orthocenter H” of triangle AEF. 


oo ABC with ZBAC = 120°, denote by D, E. F the intersec- 


tions of the respective angle bisectors with the opposite sides BC, CA, 
AB. Find EF. 


Tam be a triangle with AB = AC. Let D be the midpoint of BC, 


M the midpoint of AD and N the projection of D onto BM. Prove that 
ZANC = 90°. 


\4-Tet ABC be an acute-angled triangle with ZA = 60° and AB > AC. 
Let I be its incenter. 


ay it H is the orthocenter of triangle ABC, prove that 
2Z2AHI = 32B. 


pete the midpoint of AZ, prove that Af lies on the nine-point circle! 
of triangle ABC. 


"For explanation see Theorem 1.37, 


— 
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S-Guadrilateral ABCD inscribed in a circle w contains its center O in its 


interior. Let r and s be the lines obtained by reflecting AB with respect 
to the internal bisectors of ZC AD and ZCBD, respectively. If P is the 
intersection of r and s, prove that OP is perpendicular to CD, 


ie X be the foot of perpendicular from vertex B of the triangle ABC 


10. 


(AB < AC) to the angle bisector of ZA. 
(at M, P be the midpoints of AB, BC, respectively. Prove that 
X lies on MP. 


Jy et D, E be the points of contact of the incirele with sides BC, 
AC, respectively. Prove that X lies on the segment DE. 


Let BK and CL be angle bisectors in an acute triangle ABC with incen- 


ter J (K lies on the side AC, L lies on the side AB), The perpendicular 
bisector of LC intersects the line BK at point Mf. Point N lies on the 
line CL such that NK is parallel to LAf. Prove that NK = NB. 


. Circles w1, w with radii Ry and Rz are internally tangent at N (with 


wi inside w), Let K be an arbitrary point on wy- The tangent to w at 
K intersects wp at A and B. Let M be the midpoint of the are AB of 
w not containing point N, Prove that the circumradius R of triangle 
KBM does not depend on the choice of K. 


. The external common tangent of the circles Py, Lz with centers Or. Oz is 


tangent to them at distinct points Aj, Ag, respectively. The circle with 
diameter A; Az meets LI, Lg for the second time at H, By, respectively, 
Prove that the lines A, Bo, By Ao and OO are concurrent. 


A circle passing through the vertex A of a parallelogram ABCD in- 
tersects the segments AB, AC, AD for the second time at P. Q, R, 
respectively. Prove that 


AP- AB + AR: AD = AQ: AC. 
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12. 


13. 


14. 


15. 


Triangle ABC with incenter I and D = AIN BC satisfies b+ ¢ = 2a. 
Show that: 


(a) GI || BC, where G is the centroid of triangle ABC. 
(b) ZOTA = 90°, where O is the circumcenter of triangle ABC. 


(e) Let £ and F be the midpoints of AB and AC, respectively, Then 
J is the cireumcenter of triangle DEF. 


Points B, D, and C are collinear in this order and BD 4 DC. Find the 
locus of points X such that ZBX D = ZDXC. 


Let ABC be a triangle and P a variable point on the are AB of its 
circumeircle w not containing point C. Let X, Y be the points on the 
rays BP, CP such that BX = AB and CY = AC, respectively. Prove 
that all such lines XY pass through a fixed point independent of the 
choice of P. 


Four circles w, we, ws, wp with the same radius are drawn in the interior 
of triangle ABC such that wa is tangent to the sides AB and AC, uy to 
BC and BA, we to CA and CB, and w is externally tangent to wa, ws, 
and we. If the side lengths of triangle ABC are 13, 1d. and 15, determine 
the radius of w. 


Broken circle. 


(a) Point P inside a parallelogram ABCD satisfies BPC + ZDPA = 
180°. Prove that CHEP PDC. 


(b) Let ABCD be a trapezoid with AB || CD and AB > CD. Points 
K and L lie on the line segments AB and CD, respectively, such 
that ran = Ph. Suppose that there are points P and Q on the line 
segment KL satisfying ZAPB = 2DCB and 2CQD = ZCBA. 
Prove that the points P, Q, B, and C are concyclic. 


5. Solutions to Advanced Problems 165 


46. [Mathematical Reflections, Michal Rolinek) In acute scalene triangle 
ABC with orthocenter H, denote by a’, G, and 7 the magnitudes of 
angles 180° — ZA, 180° — ZB, and 180° — ZC, respectively. Points Ha, 
Hy, and He in the interior of triangle ABC satisfy 


BH. = œ, ZCH,A = , ZAH.B = , 
CHA = P, LAMB = a’, ZBC = . 
2AH.B = V. 2BH.C = . ZCH.A = a’. 


Prove that the points H, Hy, Hy, He are coneyelic, 


First Proof, Let's first focus on point Ha and find out more about it. 
First of all, since 2BH,C = 180° = ZA = ZBHC (recall basic angles in 
a triangle from Proposition 1.35(c)), points B, C, Ha, and H lie on one 
circle and we may assume they lie on the circle in this order. Next, we 
note that we can angle-chase the magnitude of ZAH,H. Indeed, 


ZAHH = ZAH,B — ZH HaB = (180 — ZB) - CCE = MW. 
=o -2B 


Although some could be satisfied with what we know about the point 
Ha, we will continue our investigation. 


A xJ * 


f a 
XS ` Č Y 


For notational purposes, let X,Y € BC, such that points X, B, C, Y, 
lie on the line BC in this order, Since we have 


4AH,B=ZABX and ZCH,A = ZYCA, 


we infer that the line BC is tangent to the circumeireles of both triangle 
AH, B and triangle AHC. But then the radical axis AH, of the two 
circles intersects the common tangent BC at point M for which 


MB? = MH,- MA = MC?, 


implying that AH, is the median in triangle ABC. 
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16. Let ABC be an isosceles triangle with base BC, Let P be a point 
inside the triangle ABC such that 4CBP = ZACP. Denote by M the 
midpoint of the base BC, Show that 2BPM + CPA = 180°. 


17. Let ABC be a nowright triangle with orthocenter H and cireumeircle 
w. 


(a) Let P be a point on w. Prove that the reflections of P over the sides 
of the triangle ABC are collinear with H. Deduce that Simson line? 
of P with respect to triangle ABC bisects the segment PH, 

(b) Let £ be a line passing through H and denote by fs, fs fe its 
reflections over the respective sides of the triangle ABC. Prove 
that fa, fb, Ĉe pass through a common point on w. 


IS. Circles wa, wp are externally tangent at T and their common external 
tangent L is tangent to them at A, B, respectively. Let w be a circle 
inscribed in the curvilinear triangle ABT and denote by O its center 
and by r its radius. Prove that OT < 3r. 


19. Let ABC be a triangle inscribed in circle w and denote by H. r, re. Ta 
re its circumradius, inradius, and the respective exradii- 


(a) Denote by Af the midpoint of the side BC and by N the midpoint 
of are BC of w containing vertex A. Prove that 


1 
MN = 207 +7). 
(b) Prove that 
Tatty tre HAs R+r. 


(c) Let D, E, F be the midpoints of ares BC, CA, AB of w not con- 
taining vertices A, B, C, respectively. Prove that the perimeter of 
the hexagon AF BDCE is at least 4(R + r). 


- 


For explanation see Proposition LAL. 


— 


20. 


21. 


24. 
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Circles wy, wr, and ws are given in the plane, every one outside the others, 
Circle w is tangent to them externally at Ai, Az, Az, respectively, and 
circle Q is tangent to them internally at BI, Ba, By, respectively. Prove 
that lines A1 B1, Ag By, and Ag By are concurrent. 


Points K, L on the side BC of a triangle ABC satisfy ZBAK = 
ZCAL < } ZA, Let w be any circle tangent to the lines AB and AL, 
let w be any circle tangent to the lines AC and AK, and suppose that 
w and wy intersect at P and Q. Prove that ZPAC = ZQAB. 


An acute-angled triangle ABC is given. A circle passing through A and 


the triangle’s cireumcenter O intersects AB and AC at points P and Q, 
respectively. Prove that the orthocenter of the triangle POQ lies on the 
line BC, 


. Let O be the circumcenter of a triangle ABC. Points M and N are 


chosen on the sides AB and AC, respectively, so that 2NOM = ZA. 
Prove that the perimeter of triangle ATAN is not less than the length of 
the side BC. 


Let ABC be a scalene triangle with orthocenter H and incenter J, Line 
4% is perpendicular to the bisector of ZA and passes through the mid- 
point of BC. Lines f, and fe are defined analogously, Show that the 
circumcenter O; of triangle formed by these lines lies on the line 7A. 


. Let wy, w be two circles that are externally tangent at J and internally 


tangent to circle w at A, B, respectively. Let S be one of the intersections 
of the common tangent of wa, wy at T with w. Line AS intersects wy 
again at C and BS intersects w again at D. Line AB intersects wa again 
at E and wp again at F. Prove that lines ST, CE, DF are concurrent. 


Shortest paths. 


(a) Let £ be a line and A, B two points on the same side of it. For 
what point L € fis AL + LB minimal? 
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(b) Let ABC be an acute-angled triangle. Among all the triangles 
DEF with vertices D, E, F on the sides BC, CA, AB, respectively, 
one has minimal perimeter. Pind which one. 


27. Circles wy w2 inscribed in a given circular sector with endpoints A, B 


Sh, 


are externally tangent at T. Denote by £ their common internal tangent. 
(a) Prove that C passes through a fixed point independent of the posi- 
tion of wi, we. 


(b) Let C be the intersection of C with arc AB. Prove that T is the 
incenter of triangle ABC, 


. Let ABCD be a fixed convex quadrilateral with BC = DA and BC not 


parallel to DA, Let two variable points E and F lic on the sides BC and 
DA, respectively, and satisfy BE = DF. The lines AC and BD meet 
at P, the lines BD and EF meet at Q, the lines EF and AC meet at 
R. Prove that the circumcircles of the triangles PQR, as E and F vary, 
have a common point other than P. 


Let ABCD be a quadrilateral inscribed in a semicircle w with diameter 


AB and center O. Lines CD and AB intersect at M. Let K be the 
second point of intersection of the circumeircles of triangles AOD and 
BOC, Prove that ZM KO = 90°. 


. Let AB be a segment and C its midpoint. Circle w, which passes through 


A and C intersects circle w which passes through B and C at two 
different points C and D, Point P is the midpoint of are AD of circle 
w which does not contain C. Similarly, point Q is the midpoint of are 
BD of circle w which does not contain C. Prove that PQ 1 CD, 


Let BC be a fixed chord of the circle w with radius R and let A vary on 
the major are BC of w forming an acute triangle ABC with ZA = 60° 
and orthocenter H. 
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35. 


(a) Show that the mirror images H” of H over the A-angle bisector run 
atong a circle. 


(b) Show that the projections X of H on the A-angle bisector also run 
along a circle. 


In acute triangle ABC inscribed in circle w, let A’ be the projection of 


A onto BC and B’, & the projections of A’ onto AC, AB, respectively. 
Line H intersects w at X and Y and line AA’ intersects w for the 
second time at D. Prove that A’ is the incenter of triangle YY D. 


Given a triangle ABC, let Bi, By, and C}, C2 be points on the sides AB 
and AC, respectively, such that BB, /BBy CCC. Prove that the 
orthocenters of triangles ABC, AB,C,, and AHCI are collinear. 


- Let ABC be a scalene triangle. The angle bisector of ZA intersects the 


side BC at D and the circumcirele Q of triangle ABC at A and E. 
Circle w with diameter DE cuts © again at F. Prove that AF is the 
symmedian® of triangle ABC, 


Let ABC be a triangle, let K be the midpoint of the side AB and 
L the midpoint of the side AC. Let P be the second intersection of 
the circumcircles of triangles ABL and AKC. Let Q be the second 
intersection of AP and the circumcircle of triangle AKL, Prove that 
2AP = 3AQ. 


An angle of fixed magnitude y revolves about its fixed vertex A and 


meets a fixed line f at points B and C. Prove that the circumcirches of 
triangles ABC are all tangent to a fixed circle. 


Fot explanation see Introductory Problem 49. 


74 
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40. 
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Let ABC be a triangle and denote its circumcircle centered at O by 
w. Points M and N lie on the sides AB and AC, respectively. The 
circumcircle of triangle AMN intersects w for the second time at Q. Let 
P be the intersection point of MN and BC, Prove that PQ is tangent 
to w if and only if OM = ON. 


. Let ABCD be a cyclic quadrilateral. The projections of the intersection 


of its diagonals P to the sides AB and CD are E, F, respectively. Show 
that the line EF is perpendicular to the line through the midpoints A 
and L of the sides of BC and DA, respectively. 


. Given a triangle ABC with incenter J and circumeircle F, let AF intersect 


I again at D. Let E be a point on the arc BDC, and F a point on 
the segment BC, such that ZBAF = ZEAC < ZBAC, If G is the 
midpoint of IF, prove that lines EI and DG intersect on F. 


Let ABCDE be a regular pentagon. Find the minimum possible value 


* PA+PB 
PC + PD + PE 
where P is any point in the plane. 


4l. Let ABC be an A-isosceles triangle inscribed in circle Q. Arbitrary 


circles ws, we inscribed in the minor circular segments AC, AB of 9 
are tangent to 2 at B’, C. respectively. One of the common external 
tangents of wp and we intersects the sides AC, AB at P, Q, respectively. 
Prove that lines H and C intersect on the angle bisector of ZBAC. 


Let ABC be a triangle and let w be its incircle. Denote by Di and Fy 
the points where w is tangent to the sides BC and AC, respectively. 
Denote by Da and Ez the points on sides BC and AC, respectively, 
such that CD = BD, and CE, = AE, and denote by P the point 
of intersection of segments A D and BE». Circle w intersects segment 
ADy at two points, the closer of which to the vertex A is denoted by Q. 
Prove that AQ = DP. - 
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43. 


45. 


46. 


17. 


Let ABC be an acute, scalene triangle, and let Af, N, and P be the mid - 
points of BC, CA, and AB, respectively, Let the perpendicular bisectors 
of AB and AC intersect ray AM in points D and E,. respectively, and 
let lines BD and CE intersect in point F, inside triangle ABC. Prove 
that points A, N, F, and P all lie on one circle, 


Let MN be a line parallel to the side BC of a triangle ABC, with M 
on the side AB and N on the side AC. The lines BN and CM meet 
at point P. The circumcircles of triangles BMP and CNP meet at two 
distinct points P and Q. Prove that 2BAQ = CA. 


Let ABCDEF be a convex hexagon such that ZB + ZD + ZF = 360° 
and 


Prove that 


In acute scalene triangle ABC with orthocenter H, denote by a’, p’, 
and y the magnitudes of angles 180° — ZA, 180° B. and 180° — ZC, 
respectively. Points H,, Hy, and H, in the interior of triangle ABC 
satisfy 


ZBH, = a’, ZCH,A = 7, ZAH.B = ., 
CH. = F., cam = a’, ZBH;C = . 
ZAH.B = Y, CZBHC = , LCHA = d. 


Prove that the points H, Ha, Hy, He are concyelic. 


Let ABC be an acute-angled triangle with AB # AC. Let H be the 
orthocenter of triangle ABC, and let M be the midpoint of the side BC. 
Let D be a point on the side AB and E a point on the side AC such 
that AE = AD and the points D, H, E lie on the same line. Prove that 
the line WM is perpendicular to the common chord of the circumscribed 
circles of the triangles ABC and ADE. 
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48. Let ABCD be a cyclic quadrilateral. Draw all excenters of triangles 


49. 


5L 


52. 


53. 


ABC, BCD, CDA, and DAB. Show that these twelve points lie on the 
perimeter of a rectangle, 


Let ABC be a triangle, H its orthocenter, O its circumcenter, and R its 
cireumradius. Let D be the reflection of the point A across the line BC, 
let E be the reflection of the point B across the line CA, and let F be 
the reflection of the point C across the line AB. Prove that the points 
D, E and F are collinear if and only if OH = 2R. 


„ Points Ai, Bı, Cy are chosen on the sides BC, CA, AB of a trian- 


gle ABC, respectively. The circumcircles of triangles AB,C), BC,A,, 
CA, B; intersect the circumeircle w of triangle ABC for the second time 
at points Ag, By, Cz, respectively. Points As, Bs, C3 are symmetric to 
Ai, By, Cı with respect to the midpoints of the sides BC, CA, AB, 
respectively. Prove that the triangles Ag BCN and Ay B,C, are similar. 


The incircle w of the acute-angled triangle ABC is tangent to its side 
BC ata point K. Let AD be an altitude of triangle ABC, and let M be 
its midpoint. If N is the common point of the circle w and the line KM 
(distinct from A’), then prove that the incircle w and the cireumcirele w” 
of triangle BCN are tangent to each other at the point N. 


Let ABC be a triangle inscribed in the circle w. Point D is chosen on the 
side BC. Circle w is tangent to the segment BD at K, to the segment 
AD at L and to w at T. Prove that the line K L passes through the 
incenter J of the triangle ABC. 


Let ABCD be a convex quadrilateral with BA different from BC. De- 
note the incireles of triangles ABC and ADC by w and wp, respectively. 
Suppose that there exists a circle w tangent to ray BA beyond A and to 
the ray BC beyond C, which is also tangent to the lines AD and CD, 
Prove that the common external tangents to w, and a» intersect on w. 


1 


Chapter 4 


Solutions to Introductory 
Problems 


1. [Sharygin Geometry Olympiad 2007] Determine on which side is the 
driver's seat in the car depicted in the figure. 


Proof, ‘Taking the positions of the rear-view mirrors into account, the 
driver's seat is certainly on the right! 
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In right triangle ABC with hypotenuse BC let D be the foot of altitude 
from A. Show that 


BD HY = D, BD. BO H, and CD-CB=CA?. 


First Proof. We claim that the three right triangles ABC, DBA, and 
DAC are pairwise similar, Indeed, since 


ZDBA = 90 — ZACD . 


all the similarities follow (AA). 
From ABDA ~ AADC, we learn that BD/DA = DA/DC which 
rewrites as BD - DC = A. 


A 


B D cC 


And ABDA ~ ABAC yields BD/BA = BA/BC which proves the 
second relation, The third one is proved analogously. 


Second Proof. Since 2BAC is right, BC is a diameter of the circum- 
circle of triangle ABC. Hence the second point where AD meets this 
circumeircle is the reflection A’ of A across BC and DA = DA’. Hence 
the first equality is just the power of D with respect to the circumeirele 
of triangle ABC. 


A 


Since the line BA is perpendicular to the diameter of the circumeirele | 
of triangle ACD, it is its tangent at A. Hence the second equality is 
just the power of B with respect to the circumcircle of triangle ACD. 
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Similarly, the third is the power of C with respect to the circumcircle of 
triangle ABD. 


3. Parallelogram ABCD is given. The bisectors of ZA and ZB meet at E 


on the side CD. Prove that triangle AEB is right and that AB = 2AD, 


First Proof. First, since the lines AD and BC are parallel, the angle 
bisectors of the supplementary angles DAB and ABC are perpendicular, 
Indeed, 

ZEAB + ZABE = a b + ZABC) = 5 - 180° = 90° 


and ZBEA = 180° = (ZEB AB + ZABE) = 90°. 


As for the second part, using the fact that lines AB and CD are parallel 
we learn 


ZDEA = ZEAB = 24 = ZDAE 


implying that triangle DAE is D-isosceles and DE = AD. Likewise, we 
get EC = BC and finally we may conclude by 


AB = DC = DE + EC = AD + BC = 2AD. 


Second Proof. Let line through Æ parallel to AD and BC intersect 
AB at M. Both AMED and MBCE are then parallelograms in which 
a diagonal coincides with the angle bisector so they are in fact rhombi. 


D E c 


A A B 


Since the rhombi share a side, they are congruent and AB = 2AD. Also, 
ME = MA = MB implies that M is the circumeenter of triangle ABE 
and hence LAEB = 90°, 
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Let AB be a fixed segment and d > 0. Find the locus of the centers O 
of paraliclograms ABCD with BC d. 


Solution. Since BC = d is fixed, the locus of vertices C of all such 
parallelograms is a circle w with center B and radius d (without its two 
intersections with the line AB). 


Now it suffices to realize that point O, being the center of the paral- 
lelogram ABCD, is the midpoint of the diagonal AC. Denoting the 
midpoint of AB by M and considering the homothety with center A 
and factor q we therefore obtain that as C runs along w, point O traces 
a circle with center M and radius la. 


The sought-after locus is the circle with center M and radius 4d without 
its two intersections with the line AB. 


. Through a fixed point O which is midway between two parallel lines we 


draw a variable line which intersects the parallel lines at points X, Y, 
respectively, Find the locus of points Z such that the triangle XYZ is 
equilateral. 


Solution. Since O lies midway between the two parallel lines, it is the 
midpoint of the segment XY and all the triangles XOZ have the same 
shape — namely a half of the equilateral triangle, Le. the “30-60-90" 
triangle, Point Z is thus the image of X in spiral similarity S with fixed 
center O. factor VA. and angle 90°. 


As X runs along one of the parallel lines, the locus of Z consists of its 
image(s) in S, ie. a pair of lines perpendicular to the given ones and 
with distance from point O multiplied by /3. 
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6. Convex quadrilateral ABCD is cut by lines connecting midpoints of its 
opposite sides into four pieces, Show the pieces may be rearranged to 
form a parallelogram. 


Proof, Denote the midpoints of the sides AB, BC, CD, DA by K, 
L, M. N, respectively, and the pieces by vertices A, B, C, D by A, B, 
C, D, respectively, We rearrange them into a parallelogram with sides 


parallel to K AH and LN. 
/ A A 


First we interchange the pieces B and D, then we rotate each of the 
pieces A and C by 180°, and finally we glue all the four pieces together 
by one common vertex. 


. M 


EA : 
— * 
8232 
- 
E) — Va l 
KR — 
To make sure that such operation produces a parallelogram, observe 
that the angles in the middle add up to ZA + ZB + ZC + ZD = 360°. 
at all places we glue together equal segments (K, L, M, N were the 
midpoints) and finally as every piece was either translated or rotated by 
180°, the directions of all their sides were preserved. ‘The resulting figure 


is thus a quadrilateral with pairs of opposite sides parallel to KM and 
LN, respectively, i.e. a parallelogram. 


- Points D, E vary on the side BC of a triangle ABC such that BD = CE. 
Denote by M the midpoint of AD, Prove that all lines ALE pass through 
a fixed point. 


First Proof. As D runs along the side BC, the midpoint M of AD 
traces the image of the side BC in homothety H(A, 4), Le. the midline 
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B, Furthermore, 
CM BD CE 


MB, DC ~ EB’ 
so the points Mf and E run along segments CI and CB in the same 
“relative” speed but in opposite directions. 
Since C, B, || CB, there exists a negative homothety (centered at G = 
BB, NCC) which maps B,C; to BC. From Ci M/MB, = CE/EB we 
infer that such homothety also maps M to E. Hence all the lines ME 
pass through G. 


A 


C B D 7 E c 


Second Proof. Let N be the common midpoint of segments DE and 
BC. Then the centroid G of triangle ABC is the point two-thirds of the 
way from A to N and hence is also the centroid of triangle ADE. Hence 
G lies on segment EM since it is a median of triangle ADE. Thus G is 
the desired fixed point. 


Third Proof. Denote by N the midpoint of the side BC and by X the 
intersection of ME and the A-median AN. Since ND = NE, Menelaus’ 
Theorem in triangle ADE for collinear points Af, X, E yields 


ja AM DE NX 1. NX 
“MD'EN' KA FA 


Since the ratio NX/XA does not depend on the choice of D and E. 
point X is the desired fixed point (note that X lies on the line ME even 
if D = N and the triangle ADN degenerates). 
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8. Show that the composition of two point reflections (i.e. performing one 
after the other) with distinct centers O; and Oz results in a translation. 


Proof. Let A be an arbitrary point, A’ its reflection about Oi, and A” 
the reflection of A’ about Oz. 


Note that Ot, Oy are the midpoints of the segments AA‘, A'A", respec- 
tively. If point A does not lie on the line O,Oo, the segment 0102 is a 
midline in triangle AA‘A". Hence AA” is parallel to and twice as long 
as 6105 In other words, point A” is the image of A in translation by 
2-0; 


A 8 
4* A" 


The less interesting case when A lies on the line 0107 is treated using 
directed segments. Details are left to the reader. 


9. In acute triangle ABC let Ai, Bi, Ci be the midpoints of the respective 
sides and Ao, Bo, Co the feet of respective altitudes, Prove that the 
length of the closed broken line Ag Bı CoA BoC Ao equals the perimeter 
of triangle ABC. 


Proof. We draw the altitudes By, CCo, and the midpoint A; of the 
side BC only. 


A 


Since both 2BCoC and HHC are right, points Bo and Co lie on a 
circle with diameter BC. The center of this circle is precisely A1, its 
radius equals | BC, and thus 


CoA; + Ar Bo = SBC + 58C = BC. 


84 
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Likewise we learn ApB, + BiCo = CA and BoC, + C, Ao = AB and the 
result follows. 


Fixed circles a, wy of distinct radii are externally tangent at T. Consider 
all pairs of points A € wi, B € w such that CATB = 90°. Show that 
all such lines AB pass through a fixed point. 


Proof. Let TU, TV be diameters of the circles wi, w2, respectively. 
Then ZUAT = ZTBV = 90°, so UA || TB, AT || BV, and the triangles 
UAT and TBV have the corresponding sides parallel. Since UT and TV 
have different lengths, the triangles are homothetic and thus all the lines 
AB passes through the center of positive homothety between UT and 
TV (which coincides with the center H of positive homothety between 
w and we). 


Let ABC be a triangle. Denote by M, N, P the midpoints of its sides 
BC, CA, AB, respectively, and by J, K, L the incenters of the triangles 
APN, BMP, CNM, respectively. 


(a) Prove that AJK L ~ SABC. 

(b) Prove that lines JM, KN, and LP are concurrent on the line IG, 
where J and G are the incenter and the centroid of triangle ABC, 
respectively, 


Proof. 


(a) The midlines cut triangle ABC into four pairwise congruent trian- 
gles APN, PBM, NMC, and MNP which all have the orientation 
of triangle ABC. It suffices to show that triangle JK L also has this 
orientation. 
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Looking at triangles CNM and BMP we see that the segment 
K L connects corresponding points and thus it is equal and parallel 
to PN. After performing analogous arguments for other pairs of 
triangles we indeed learn AJK L ~ AAC. 


(b) From part (a) we have AJKL ~ H ~ AMN P all with corre- 


sponding sides parallel, The lines are thus concurrent at the center 
X of homothety (which in this case is just point reflection) which 
takes triangle JK L to triangle MNP (see Proposition 1.28(b)). 


For the final part. we intend to compose homotheties. First, note 
that AJ, BK, CL are angle bisectors in triangle ABC and thus are 
concurrent at I. Therefore positive homothety which takes trian- 
gle JKL to triangle ABC is centered at J and negative homothety 
which takes triangle ABC to triangle MN P is centered at G (with 
factor J). It follows that their composition is the negative homo- 
thety which sends triangle I L to triangle MNP centered at X, 
hence J. G, and X are collinear (see Lemma 1.31), 


12. 


13. 
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Let ABC be a triangle with AB < AC. Denote by Ao the foot of its 
A-altitude, by D the point of contact of the incircle with the side BC, 
by K the intersection of BC with the angle bisector of ZA, and finally 
by Af the midpoint of BC. Prove that points Ap, D, K. M are mutually 
different and lie on the line BC in this order. 


Proof. Note that the points Ap, D, K, M are the projections onto 
BC of A, I, K, S, respectively, where J denotes the incenter of triangle 
ABC and S the midpoint of are BC of its circumeircle not containing 
vertex A (see Proposition 1.38(b)). 


Since the points A, J. K, and S lie on the A-angle bisector in this order 
and are clearly mutually different, their projections are also distinct as 
desired, unless the A-angle bisector was perpendicular to BC. But this 
is obviously not the case as then AS would be the perpendicular bisector 
of BC and thus we would have AB = AC. 


Let w be a fixed circle with center at O and radius R and let A be a 
fixed point outside the circle. Point X varies on w so that A, O, and X 
are not collinear, Find the locus of the intersections Y of AX with the 
angle bisector of ZAOX, 


Solution, From the Angle Bisector Theorem, we learn that 
XY OX _ R 
AY OA OA 
which is fixed. Thus also 
AX XY R 


r 
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is fixed and we can say that point Y is the image of X in fixed homothety 
with center A and factor AY/AX. Therefore, it travels along a circle 
w which is the image of w in this homothety attaining all admissible 
positions i.e. staying off the line OA. 


Remark. The reader is encouraged to verify that O € & although it 
is not part of the sought-after locus, 


14. A variable point X runs along a semicircle w with diameter AB (X # A, 
X # B). Let Y be such point on the ray XA that XY = XB. Find the 
locus of points Y. 


Solution. Triangle XY B is isosocles and right, therefore Y is the image 
of X in spiral similarity S(B, /2,445°). The locus is thus the image 
of w (excluding points A and B) in this spiral similarity. To be more 
specific, it is the semicircle (without its endpoints) with one endpoint at 
B and the midpoint at A, 


15. A variable regular hexagon ABCDEF has fixed point A and its center 
O is moving along a given line, Prove that the remaining five vertices 
also describe straight lines and that these lines are concurrent. 


—— 8 
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Proof, As the shape of ABCDEF is fixed, points B, C, D, E, and F 
are images of O in fixed spiral similarities (possibly degenerate into rota- 
tions or homotheties) centered at A. For example S(A, 45, Z(OA, A 
(which can be simplified as S(A, VI. +30°)) sends O to E, and the others 
would be found similarly. Therefore the remaining five vertices indeed 
describe straight lines. 


Now consider two positions of the hexagon ABCDEF with center O and 
AB'C'D'E'F' with center O’. Being familiar with spiral similarity, we 
recall that lines BB’, CC’, DD’, EE’ and FF” all pass through the sec 
ond intersection X of the circumeircles of ABCDEF and AHD 
(see Proposition LAS a, But since both circles are symmetric with re- 
spect to line OO’, point X is just a reflection of A over this line and 
therefore is independent of the choice of hexagons. 


Let ABCD be a cyclic quadrilateral and let Hy, He be the orthocenters 


of the triangles ABC and ABD, respectively. 


(a) Show that points A, B, Hy, He lic on a single circle. 


(b) Draw also Ha and Hp, the orthocenters of triangles BCD and CDA, 
and prove that ABCD is congruent to Has Hetta. 


Proof. 


(a) The images Hj and H! of Ha and He under reflection in line AB lie 
on the circumeirele w of ABCD (see Proposition 1.36). But then 


— 
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the image w” of w in the same reflection contains points A, B, Hy, 
and He so they are apparently concyclic. 


(b) We shall only prove that CD |) HaHe and CD = Halle, since if in 
two quadrilaterals the corresponding sides are parallel and equal, 
the quadrilaterals are congruent. 

We work again with the reflections Hl and H{ and focus on the 
strip between parallel lines DH, and CHa. 


Observe that both DC and Hel are reflections of HLHS across 
a line parallel to AB (which in the first case is a diameter of w 
parallel to AB). Therefore, they are equal and as they are both 
antiparallel with HLH) with respect to line AB, they are parallel 
themselves, We are done, 


17. [China Girls 2012] Let D and £ be the points of contact of the incircle 
of triangle ABC with its sides AB and AC, respectively. Also, let X 
be the circumecenter of triangle BIC, where I is the incenter of triangle 
ABC. Show that 2X DB = 2X EC, 


18, 
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Proof. Recall that the circumecenter of BIC is the midpoint of are BC of 
the cireumcircle of triangle BIC {see Proposition 1.38(b)). In particular, 
it lies on Al so let us draw it vertically. As AD = AE, the quadrilateral 
ADX E is symmetric about Al and the conclusion follows since 2X DB 
and ZX EC correspond in this symmetry. 


Let ABC be a scalene acute-angled triangle with orthocenter H. Show 
that the Euler lines of triangles BHC, CHA, AHB intersect at one 
point on the Euler line of triangle ABC. 


First Proof. We look at triangle BHC and recall that its orthocenter 
is A and that its circumcircle is symmetric with the one of triangle ABC 
(see Proposition 1.35(d)), therefore the cireurmcenter O' of triangle BHC 
is the reflection of O (the circumcenter of triangle ABC) across BC. 


We will prove that AO’ intersects the Euler line OH of triangle ABC 
at a fixed point. Observe that if we denote by M the midpoint of BC, 
then AM is a common median of triangles ABC and AOO’ and so their 
centroids coincide at point G. But then the midpoint X of AO’ lies on 
OG and 2-GX = GO (centroid divides the median in ratio 2: 1). Hence 
all four Euler lines pass through X. 


Second Proof, Take a good look at the nine-point circles (see Theorem 
1.37) of triangles BHC, CHA, AHB and observe that they in fact all 
coincide with the nine-point circle of triangle ABC (if in trouble see also 
Proposition 1.34). Thus, all four Euler lines pass through the common 
center Op. 


3 For explanation see Example 1.3 
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A 


Dy 
B c 


19. [based on IMO shortlist 2011] Let ABC be a triangle and D the foot of 
its A-altitude. The line through A parallel to BC intersects the circum- 
circle w of triangle ABC for the second time at H. Prove that line DE 
passes through the centroid of triangle ABC. 

Proof. Denote by M the midpoint of BC and by X the intersection of 
AM and DE. It suffices to prove that MX : XA = 1: 2. From similar 
triangles MX D and AXE we have 


MX = DM 
XA AE 
where the latter indeed equals $, since the cyclic trapezoid BCEA is 


isosceles and therefore symmetric with respect to the perpendicular bi- 
sector of BC, 


20. [Putnam 1996] Let uw, and w be circles whose centers Oi, Oz are 10 
units apart and whose radii are 1 and 3 units. Find the locus of points 


21. 
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M which are the midpoints of some segment XY, where X € «w and 
Y € wy. 

Solution. First, fix a point Y on wz. The midpoints of XY, where 
X € w, form a circle which is the image of wy in homothety H(Y, 50. 
Therefore its radius is } and its center is the midpoint of YO). 

Now as Y varies, the midpoints of YO; move along a circle w which is 


the image of w in homothety H’(O,, }). The radius of w is thus $ and 
its center is the midpoint of OyOy. mc 


Altogether, we see that the locus of all possible midpoints of XY is 
annular region centered at the midpoint Af of OLO with inner radius 
14 = 1 and outer radius 3 +} 2. 


[USAMTS 2005] Let w be a given circle. Points A, B. and C lie on w 
such that ABC is an acute triangle. Points X, Y, and Z are also on w 
such that AX 1 BC at D, BY L AC at E, and CZ L AB at F. Show 
that the value of 

AX BY CZ 

AD * BE * CF 
does not depend on the choice of A, B and C. 


Proof. The lines AX, BY, and CZ are altitudes in triangle ABC 
which intersect at its orthocenter H. 


Moreover, X. Y, and Z are the images of H under reflections about 
BC: CA, AB, respectively (see Proposition 1.36) and we can rewrite 
the ratios to ratios of areas as follows: 


AX „D ö o BAGI 
ap 1 45 1 pa 1460 


Finally, by analogy we see that 


AX , BY , CZ _ ,, (BHC) + [CHA] +|AHB wai 
4 BE F [ABC] iii 


——ͥ 
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where in the last equality we have used that I lies inside (acute) triangle 
ABC. 


. Let ABC be a triangle with ZA = 90° and let L be a point on BC, The 


circumeireles of the triangles ABL and ACL intersect AC and AB for 
the second time at Af and N, respectively. Prove that BM LCN. 


First Proof. Lines BM and CN do not have much in common but 
thanks to two cyclic quadrilaterals they both form a convenient angle 
with BC. There are more configurations possible but either way the 
angle-chasing 


ZMBC + ZBCN = ZCAL + ZBAL = 90° 
implies that BM 1 CN as desired, 


Second Proof, Given a right angle and circles, there are always more 
right angles hidden. In our case ZBLM = ZBAM = 90° and ZCLN = 
ZCAN = 90°. Hence the points L, M, N are collinear and NL L BC. 


Now what is Af with respect to triangle NBC? It is the intersection 
of two altitudes (namely UA and NL), so it is the orthocenter and 
BM LCN too. 


— en a aa 
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23. Triangle centers in other roles. 


Let ABC be an acute triangle, Pedal triangle of a point X is the trian- 
gle formed by the projections of X onto the triangle sides. Denote by 
J. O. H the incenter, circumcenter, and orthocenter of triangle ABC, 
respectively, 

(a) Prove that I is the circumeenter of its pedal triangle. 

(b) Prove that O is the orthocenter of its pedal triangle. 

(c) Prove that H is the incenter of its pedal triangle. 


Proof. 


(a) The projections of J onto the triangle sides are simply the points 
of contact of the incircle, Since I is the center of the incirele, the 
result follows. 


(b) The projections of O onto the triangle sides BC, CA, AB are their 
midpoints A}, BI, C1. Since midline is parallel to the base, the per- 
pendicular bisector of BC coincides with the Ay-altitude of triangle 
A, B,C,. We conclude by applying this idea cyclically. 


(c) The projections of H onto the triangle sides are the respective feet 
of altitudes Ap, Bo, Co. 
We will prove that AoA is the angle bisector in triangle ApBoCo. 
Recall that quadrilaterals BAgHCo, C ApH Bo, and BCByCy are 
cyclic (see Proposition 1.35(a),(b)), It follows that 


ZAAQCo = ZH BCo = ZBoCH = ZBoAoA. 


Likewise we show that BBo and CCo are also angle bisectons in tri- 
angle Ag BoC and thus H is indeed the incenter of triangle Ag BoCo.- 


4. Solutions to Introductory Problems 95 


24. Given a right triangle ABC, let ABDE be a square erected outwards 


from its hypotenuse AB, Prove that the angle bisector of ZC bisects 
the area of the square ABDE. 


First Proof, First, what lines bisect the area of a given square? Since 
square is centrally symmetric, these are precisely the lines that pass 
through its center. Hence instead of dealing with D and E, let O be the 
center of ABCD, i.e. the third vertex of right O-isosceles triangle ABO 
erected outwards from AB. Now it suffices to prove that CO bisects 
angle ACB. 


But this is readily done, as ZAOB = ZACB = 90° and OA = OB imply 
that O is the midpoint of are AB of the circumcirele of triangle ABC 
not containing vertex C, and as such it lies on the angle bisector of ZC 
(see Proposition 1.38(b)). 


Second Proof. Build a square CX YZ circumscribed about ABDE 
by adding right triangles BXD, DY E, and EZA congruent to triangle 
ABC. Then the angle bisector of ZC is clearly CY. It passes through 
the common center O of ABDE and CXY Z, hence it bisects the area 
of the square ABDE. 


x D y 
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25. [Tournament of Towns 2010) Let ABCD be a rhombus with a point P 
on the side BC and Q on the side CD such that BP = CQ. Prove that 
the centroid of the triangle APQ lies on the segment BD. 


Proof. Since the centroid is usually difficult to handle, we first try to 
restate the problem. Recalling that the centroid “trisects” the median, 
the statement equivalently says that the midpoint of PQ lies on the 
image of line BD in homothety H(A, I). which is the midline EF (with 
E € BC, F € CD) in isosceles triangle DBC, Now if we note that 
BP = CQ rewrites as EP = FQ, we may conveniently forget more than 
half of the picture, 


Proving that EF bisects PQ is not difficult. Since EP = FQ and the 
lines CE and CF subtend the same angle with EF, points P and Q 
have the same distance from the line EF. As they lie in the opposite 
half-planes, the midpoint of PQ lies on EF as desired. 


26. [Romania 2006] Let ABC be a triangle. Points M, N on its sides AB, 
AC, respectively, satisfy 
BM _, CN 
1 -oS 
The line perpendicular to AIN passing through N intersects side BC at 
P. Prove that ZMPN = ZNPC. 


Proof. Place BC horizontally. The given condition then states that- 
the point M is twice as high above BC as N. In other words, if C is a 
line through AT parallel to BC then the point N lies midway between 
BC and ¢. Denoting the intersection of the lines MN and BC by L we 
conclude that N is the midpoint of ML. 

Thus in triangle MPL both the P-median and P-altitude coincide with 
PN implying that triangle Mf PL is isosceles (if in doubt, consult Intro- 
ductory Problem 12). Hence PN is simultaneously the angle bisector. 


— 
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27. Let ABC be a scalene triangle and denote by D the intersection of the 
external angle bisector at A with line BC. Prove that 
(a) DB/DC = AB/AC. 


(b) If we define points E € AC and F € AB also as feet of the respec- 
tive external angle bisectors, then D, E, and F are collinear, 


Proof, 


(a) Denote the external angle bisector by £ and place it horizontally. 
Now we see that both DB/DC and AB/AC express the ratio of 
distances of the points B and C to the line . 


Indeed, let Ho. Co be the projections of B and C onto £, respectively. 
Then HHO ~ SDCCo and AABBy ~ AACC (AA), hence 


Using part (a) we can replace each of the ratios on the left-hand 
side and rewrite the latter (equivalently) as 


5 aiam Ye 


which is true. Problem solved. 
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28, Let ABC be a scalene acute triangle. Draw points K, L, M, N such that 
ABMN and LBCK are congruent rectangles erected outwards from the 
triangle sides. Prove that lines AL, NK, MC are concurrent. 


First Proof. Denote the intersection of AL and CAI by X. For the 
rectangles to be congruent we must have MB = BC and AB = BL, 
therefore the triangles M BC and ABL are both isosceles. As ZM BC = 
90° + ZB = ZABL we even have AM BC ~ AHL and ZXMB = 
ZX AB. Thus, X lies on the circumcircle of ABMN and similarly on 
the cireumeircle of LBCK. 


Now as BN and BK are diameters it follows that Z HX N = 90° and 
ZKXB = 90° implying that points N, X, and K are collinear. 


Second Proof. Consider rotation centered at B carrying BM NA to 
BCKL, As rotation is a special case of spiral similarity, the Proposition 
1.48 implies that all three lines pass through the second intersection of 
the cireumeireles of the rectangles ABMN and LBCK. 


29. [{USAMO 1993] Let ABCD be a convex quadrilateral whose diagonals 
intersect at right angle at O. Prove that the reflections of O across lines 
AB, BC, CD, DA are concyclic, 


First Proof. Instead of reflections across the sides of ABCD we shall 
work with the projections A’, B', C, and D' of O on AB, BC, CD, 
DA, respectively. Once we prove A’, BY, C' and D’ are concyclic, the 
conclusion will follow from the homothety #(O, 2). 
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Observe that quadrilaterals A'BB’O, B'CC'O, DD. and D'AA'O 
are cyclic with diameters BO, CO, DO, and AO, respectively. We will 
use this to show 2A'D'C’ H = 180°. Indeed, we have 


S = 24'D'O + ZOD'C' = ZBAO + ZODC, 
and similarly 
CH = ZC'B'O + ZOB' A’ = ZDCO + ZOBA, 


but looking at the right triangles DOC and AOB we see that the sum 
of these angles is 180°. 


Second Proof. As in the first proof we note that it suffices to prove 
that the points A’, B', C’, D are concyclic. 


Draw the diagram so that DB is a and AC is atte We 
invert about O. 


— — 
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The lines BD and AC will remain horizontal and vertical, respectively. 
The circumcircle of OA'BB' which has diameter OB and the circum- 
circle of ODD which has diameter OD will become vertical lines. 
Likewise, the cireumcireles of OD'AA’ and OB'CC' will become hori- 
zontal lines. Hence A'B'C'D' will become a rectangle. Since the images 
of A’, B., C, D lie on a circle not passing through O, so do the original 
points A’, B’, C, and N. 


30. Let ABCD be a cyclic quadrilateral and let II, Ia be the incenters of 
the triangles ABC and ABD, respectively. 


(a) Show that the quadrilateral AI is cyclic. 
(b) Draw also Jy and Ia, the incenters of triangles CDA and BCD, and 
prove that II Iz IAI isa rectangle. 
Proof. 
(a) It suffices to show that ZAI, B = ZARB. We have (recalling 
Proposition 1.38(a)} 


ZARB = 90° + 5CACB, ZARB = 90° + ab 


but since ABCD is cyclic it follows that ZACB = ZADB and we 
are done. 


(b) (Japanese theorem for cyclic quadrilaterals) We will show that 
Ty ly HI. From (a) we know that ABI I2 and AD IsI are cyclic. 
Extending the ray Alz beyond Ia, we see that 


ike 1 ZABC + 1ZCDA = 90°. 


Similarly, we show Jala L Isla and Isl I which completes the 
proof, , 
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31. Let M be the midpoint of the side BC of a triangle ABC. Point K on 
the segment AM satisfies CK = AB. Denote by L the intersection of 
CK and AB. Prove that triangle AK L is isosceles. 


First Proof. In order to “connect” equal segments AB and CK and 
make use of the midpoint Af of BC, let K' be the point such that 
KOCH is a parallelogram. Then K” lies on the A-median (beyond M) 
and K’B = CK = AB. Hence triangle ABK' is B-isosceles and since 
K'B and CK are parallel, triangle AK L is L-isosceles. 


A 


Second Proof. This time we exploit equal segments CK = AB 
and BM = MC by means of Menelaus’ Theorem in triangle LBC for 
collinear points A, K, M. We obtain 


Third Proof. Place AM horizontally. As M is the midpoint of BC, 
point C is as much “above” AM as B is “below” it., Since the segments 
AB and CK are equal, they form the same angle with AM. Thus, 
triangle ALK is isosceles. 
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32. Let A;, By, Cı be the midpoints of the ares BC, CA, AB of the cir- 
cumcirele of triangle ABC (not containing A, B, C, respectively) and 
let Az, Ba, Cn be the tangency points of the incirele with BC, CA, AB, 
respectively. Prove that the lines Aj Az, Bi B, CiC are concurrent. 


Proof. Place BC horizontally with A “above” it and observe that A, 
and Az are both the “bottom” points on the respective circles. 


Thus it is natural to consider homothety with positive factor which takes 
the circumcirele of triangle ABC to its incirele, 


As A, and Az correspond in this homothety, line Ay Az passes through 
its center H+. For analogous reasons also By Bz and CyCy pass through 
H* and the concurrence is proved. 


33. Let ABC be a triangle with incenter J and A-excenter E. Further, let M 
be the midpoint of are BC that does not contain A, and let D = AINBC. 
Prove the following metric identities: 

(a) AD AM = AB- AC. 
(b) A AE = AB- AC. 
(c MAD NIA. 


First Proof, 


(a) Observe that ZAM B = ZACB and thus AABM ~ AADC (AA). 
From this similarity we get 


and the result follows. 
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34. 


(b) Place AF vertically, We recall that points B, J. C, E lie on a circle 
centered at Af (see the Big Picture, Proposition 1.42(b)) and call 
the circle wa. Aiming to use Power of a Point, further, we denote 
by C the second intersection of AB and w and learn 


Al - AE = AB- AC", 


but from symmetry in line AZ, we have AC’ = AC and we may 
conclude. 

(c) We write ID = MI =~ MD. Thus, using the Shooting Lemma (see 
Proposition 1.40(b)), we obtain 


MA-ID=MA+MI-MA-MD=MA-MI-MP 
= MI- (MA -MI)= MI-AI. 


Second Proof. Parts (a) and (b) follow also from \bc-inversion. The 
fact that the image of D is M ensures part (a) and for part (b) we 
remark (in the interesting case of a scalene triangle) that the image of 
the circumcircle of BICE is a circle centered somewhere on Al and 
passing through B and C. Hence it is its own image and J maps to E. 


Points M and N vary over the interiors of the sides AB and AC of a 
triangle ABC so that BM/MA = AN/NC. Prove that the circumcircles 
of the triangles AMN pass through another fixed point different from 
A, 


Proof. Let S be the center of spiral similarity that maps segment BA to 
AC (in this order of vertices}, namely S(S, AC/AB, Z(BA, AC)). Since 


— 
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the points M, N divide the corresponding segments BA, AC in the same 
ratio, similarity & also maps Af to N, implying that (ATS. SV) = 
Z(BA, AC), Quadrilateral AMSN is then cyclic and the conclusion 
follows. 


. [Romania 2001] A triangle ABC and a point D in its interior are given. 


Consider points FE. F such that AAFB ~ ACEA ~ GCDB, points B 
and E lie on different sides of the line AC, and points C and F lie on 
different sides of AB, Prove that AEDF is a parallelogram. 


Proof. Denote Z(CE, CA) by p and CA/CE by k. Then spiral similar- 
ity S(C.k,y) takes E to A and D to B. Therefore it takes ED to AB 
and so Z(ED, AB) = ¢. Since also Z(AF, AB) = p, we have ED |] AF. 
Likewise we get FD || AE which ensures that AE DF is a parallelogram, 
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36. Napoleon’s* Theorem 


37. 


Let ABC be a triangle and let BCD, CAE, ABF be equilateral triangles 
erected outwards from its sides. Show that the centroids A), Bi, Ci of 
these equilateral triangles also form an equilateral triangle. 


First Proof. Spiral similarity S(C, VA. +30°) takes B, to A and A to 
D. Thus it takes BIA to AD and so AD = N BA). The same 
argument with spiral similarity S’(B, VA. 30% shows that also AD = 
GA. Therefore we have By A, = Cy A, and likewise we obtain 
By A; = B,C, which ends the proof. 


Second Proof. We choose to write the similarity of the equilateral tri- 
angles in the following order of vertices: F ~ AECA ~ ACDB. 
By the Averaging Principle, the centroids of the triplets of correspond- 
ing points form an equilateral triangle. But those triplets are exactly 
triangles AEC, BCD, and FAB, so we are done! 


Let X be a point in the plane of triangle ABC such that 


Prove that the images of points A, B, C in inversion about X form an 
equilateral triangle. 


Proof. Let r be the radius of inversion and let A’, B’, C be the images 
of points A, B, C, respectively, 


Napoleon Bonaparte (1769-1821) was a French amateur menthematicion who sadly chose 
to win bis fame in much lew peaceful manner. 


——— a i 
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We recalculate distances by Proposition 1.51 (b): 

2 r? 
— * = — 
NI. ACATA e 
Comparing shows, we need to prove 


AB _ AC 
aE XG 
which is just another form of the given 
3 
XB XG 
The equality A’C’ = H is proved analogously. 


Remark. In fact, for every scalene triangle ABC two such points X 
exist. More on their existence will be hinted at in the remark following 
Advanced Problem 12. 


A'B' = AB: 


bic. 


. Let ABCD be a trapezoid such that BC || AD and ZCBA = 90°. Let 


M be a point on AB satisfying ZCM D = 90°. Let AK be an altitude 
in triangle DAM and BL an altitude in triangle MBC. Prove that the 
lines AK, BL, and CD are concurrent, 


Proof. Let & = AK NCD and Xp = BLA CD. Observe that 
BL || MD as they are both perpendicular to AIC. Therefore LAN ~ 
SCM AA) and we may write 

CX» _ CL C% CL 

CD CM * 2D LA 
Similarly, we obtain 
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D Xi X 


A M B 


Moreover, H = 180° -90° — ZDM A ADH. so triangles BMC 
and ADM are also similar and therefore proportional. Thus 


DK _ LM 
KM CL’ 
and this gives us 
DX, a DX? 
MC C 


Then points Xi., X2 must coincide, since they divide the segment CD in 
the same ratio. The conclusion follows. 


. [Poland 2008] An angle with vertex V and a point A in its interior are 


given. Points X, Y lie on the respective rays of the angle such that 
VX = VY and the sum AX + AY is the minimal possible. Prove that 
ZX AV = ZY AV. 


Proof. The question is which pair of points X, Y minimizes the sum 
AX + AY. We learn the answer if we cut away the triangle VX A and 
glue it on the other side of triangle VAY as triangle VY A’. Now the 
sum AX + AY translates into AY + YA! which, since A and A’ are 
fixed, is minimal when Y lies on AA’. Then as VA = VA‘, we have 
ZV AY = ZVA'Y, which is the same as the desired ZX AV = ZY AV, 


v 
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40. [Tournament of Towns 2003) Let ABC be a triangle with AB = AC. 


11. 


Let K, L be the points on the sides AB, AC, respectively, such that 
KL = BK +CL. Let M be the midpoint of KL. The line through Af 
parallel to AC intersects BC at N. Find the magnitude of the angle 
KNL. 


Solution. We place line BC horizontally and take a look at horizontal 
levels of points K, L, and M. Since M is the midpoint, its level is the 
average of levels of K and L. Moreover, as segments BK, NM, and CL 
subtend the same angle with BC, their lengths are proportional to their 
horizontal levels, Hence MN = (BK + CL). 


Then the given condition yields MN = KL = MK = ML, tms M 
is the circumcenter of triangle KNL, and as M lies on KL, the angle 
KNL is right, 


[based on AIME 2009) Let ABC be a triangle and D the point of contact 
of the incircle w with BC. Let DX be a diameter of w. Show that if 
HAC = 90°, then 5a = 3(b + c). 


Proof. In triangle BNC with altitude X D we recognize the configura- 
tion from Introductory Problem 2, which yields 


BD- DC = DX’. 


If we recall the ryż formula for inradius r (see Proposition 1.8), the 


latter turns into 
2. Aryz 


yz = 4r* = 5 
1 ＋ 2 
After simplification we obtain y + z= 3.2. 


— a tt 


eres 


42. 


43. 
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It remains to note that the desired condition 5a = 3(b + c) also rewrites 
as y + z = de. We are done. 


APN 1994] Given a triangle ABC with circumeenter O, orthocenter 
H, and circumradius R, prove that OH < 3R. 


Proof, If ABC is equilateral, then O = H and the conclusion is imme- 
diate. Otherwise, the trick is to look at the Euler line of triangle ABC 
(see Example 1.3). 


oO G H 


Since the centroid G is in one third from O to H, it suffices to prove 
OG < R. But this is obvious since, the centroid lies always inside the 
triangle and thus also inside the circumcirele! 


Circles wa, wy are internally tangent to a circle w at distinct points A, B, 
respectively. Moreover, they are tangent to each other at T. Denote by 


` P the second intersection of AT and w. Show that BP is perpendicular 


to BT. 


Proof, We draw the common tangent of wa and wy through T and place 
it horizontally (with we “above” it). 


Now consider homothety with center A which takes w, to w. Then T 
maps to P and since I was the “bottom” point on wa, P is the “bottom” 
point on w. À 


ET o a 
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Next, we intersect BT’ with w for the second time at Y and we may use 
an analogous argument to show that P is the “top” point on w. Then 
points P and P’ form a diameter and LPBT = 90°. 


Let ABC be an acute-angled triangle with orthocenter H. Let A’, B., C. 
be the images of A, B, C, respectively, under inversion about H. Prove 
that H is the incenter of triangle A. What happens if triangle ABC 
is obtuse? 


Proof. Consider points A, B, and C as pairwise intersections of the 
circumeircles of triangles BCH, CAH. and ABH. Recall that these 
circumeircles have equal radii (see Proposition 1.35(d)). 


Thus in inversion these circles turn into lines A'B', HC, and C'A’ (see 
Proposition 1.53) equidistant from 71. 

Since triangle ABC was acute. H lies inside triangle AC and there- 
fore coincides with its incenter, In case of obtuse triangle ABC, H will 
be one of the excenters in triangle AH. 


w 
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45. Circles an wy are internally tangent to a circle w at distinct points A, B, 


46. 


respectively. Moreover, they are tangent to each other at T, Denote by 
P any intersection of w and their common tangent through T. Let the 
lines PA, PB intersect wa, wy for the second time at X, V. respectively, 
Show that XY is a common tangent of w, and wy. 


First Proof. We may assume P is the “top” point of w in order to 
ensure an easier visualizing of future homothety arguments. 


We observe that since P lies on the radical axis of wa and uy, the Radical 
Lemma ensures that ABY X is cyclic (see Proposition 1.23). Now we 
focus on antiparallel lines in angle APB and we introduce the tangent 
f tow at P. Since both / and XY are antiparallel to AB, and £ is 
horizontal, XY is horizontal too. 


Now the homothety with center A which takes w to w, also takes P to 
X, so X is the “top” point of wa. But then XY is a horizontal line 
through the “top” point, Le. a tangent to wa at X. 

For the same reason, XY is tangent to ws at Y. 


Second Proof. After we observe ABY X is cyclic as in the first proof, 
we may also draw the common tangent ¢ to w and we at A in order to 
exploit their tangency. For purposes of notation let Z = tO XY. Then 


<PBA=ZPAZ and ZPBA = ZZXA. 


The equality ZP = ZZX A implies that ZX is tangent wa. Similarly, 
we can show XY is tangent to wy, 


[APMO 1998] Let ABC be a triangle and D the foot of the altitude 
from A. Let E and F lie on a line passing through D such that AE 
is perpendicular to BE, AF is perpendicular to CF, and H and F are 
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different from D. Let M and N be the midpoints of the segments BC 
and EF, respectively, Prove that AN is perpendicular to NA. 


Proof, First, we realize this problem is about two circles with diameters 
AB (call it wr) and AC (call it w) intersecting at A and D. This 
configuration calls for spiral similarity, since the collinearity of E, D, 
F, and of B, D, C implies (see Proposition 1.48), that spiral similarity 
centered at A which takes wi to wp takes also triangle AEB to triangle 
AFC. 


Since the average of these similar triangles is triangle ANM, it has the 
same shape (recall the Averaging Principle), thus indeed AN L MN. 


Four distinct points P, Q, R. and S are given in plane, such that PORS 
is not a parallelogram. Pind the locus of centers O of rectangles whose 
sidelines AB, BC, CD, and DA pass through P, Q, R, and S, respec- 
tively. 


Proof. Denote the midpoints of PR and QS by M, N, respectively 
(since PQRS is not parallelogram, M # N). 

First let us suppose we found such rectangle ABCD. Note that both O 
and M lie midway between its parallel sides AB and CD, and both O and 
N lie midway between the sides BC and AD. Thus either CMON = 90°, 
or O coincides with one of M and N. 
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On the other hand, given any point O on the circle with diameter Af N 
(call it w), there exists a rectangle ABCD whose sidelines pass through 
P, Q, R, S, respectively, and whose center is O’. Indeed, lines through P 
and R parallel to O'M, and lines through Q and S parallel to O'N form 
a rectangle whose midlines are precisely OM and ON (if say O' = N we 
consider line tangent to w at N instead of O'N). 


The locus is the circle with diameter AM N. 


48, Let w be a circle, BC its fixed chord, and A a variable point on its major 
are BC. Let M be the point on the segment AB such that AM = 2MB 
and let K be the projection of M onto AC. Show that point K moves 
along a circular are, 


Proof. Since ZMAK = ZBAC is fixed as A varies along the are BC 
of w, all the right triangles AKM have the same shape, Even more, 
since AM/MB = 2 is fixed, the shape of all the triangles AKB is the 
same too. Hence both the ratio BA / BA and the magnitude of the angle 
ABK are constant implying that the locus of K is simply the image of 
the locus of A in spiral similarity S(B, BK/BA, Z(BA, NJ. a circular 
are, 


49. In triangle ABC the line isogonal to the median is called the symmedian. 
Let w be the circumcircle of triangle ABC. 


(a) If ZA # 90° denote by T the intersection of tangents to w at points 
Band C. Prove that line AT is the A-symmedian in triangle ABC, 
(b) Let the A-symmedian in triangle ABC meet w for the second time 
at S. Prove that 
BS-AC = CS - AB. 


— 
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First Proof of (a). Assume triangle ABC is acute. We will prove that 
AT is isogonal with the median in triangle ABC, We draw a line through 
T, which is antiparallel with BC in HAN and denote its intersections 
with AB and AC by X and Y, respectively. Our target is to prove that 
T is the midpoint of XY’, since this would ensure AT to be median in 
triangle AXY and thus also symmedian in triangle ABC, 


Ey 


We may as well decide to prove that T is the center of the cireumcircle of 
the cyclic quadrilateral X VCH. which has to be the case as TB = TC 
and we need TX = TY. So in fact, the desired conclusion is equivalent 
to TX = TB, which we will show by angle-chasing. 

As BC and XY are antiparallel, we have ZTXB = ZC, and using 
tangency yields 


ZX BT = 180° — ZA - ZB = ZC. 
Thus TX = TB and the conclusion follows, 
In the other cases when ABC is not acute, the proof is analogous, 


Second Proof of (a). Perform a Vbc-inversion. The circle w will go 
to the line BC. The lines tangent to w at B and C will go to circles w 
and wy passing through A and tangent to BC at C and B, respectively, 
and T will go to the second intersection point 7“ of these circles, Let 
M be the midpoint of BC. Then the symmedian line AD will go to the 
median line AM. 


Thus part (a) is equivalent to showing that A, T”, and Af are collinear. 
But this is easy since the powers of M with respect to w and wy are 
both MC? = Af B®. Hence M lies on the radical axis AT of w and wy. 


Proof of (b). Let Af be the midpoint of BC and R the radius of w. 
From the Extended Law of Sines we have 


BS = 2RsinZBAS = 2Rsin LCAM 


— 


wre 


ee 
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S 
and likewise CS = 2Rsin ZCAS = 2Rsin ZBAM. Hence it suffices to 


show that bsin ZCAM = csin BAM. However, this follows from the 
Law of Sines in triangles AMB and AMC, since 


bsin ZCAM = MC sin ZAMC = M Bsin ZAMB = csin ZBAM, 


. Let A, B, C, and D be distinct points in the plane not lying on one 


circle, Each set of three points is inverted with respect to the fourth 
point. Show that the resulting four triangles are mutually similar, 


Proof. Realizing it is virtually impossible to draw a reasonable diagram, 
we decide to make use of the fact that we can calculate the length of every 
segment after performing inversion (see Proposition 1.51(b)). Indeed, if 
we denote by B’, C’, D' the images of B, C, D in inversion with center 
A and radius 1, we learn that 


BC u 
BC . CP Ab 1 AD 


which after taking common denominator of AB-AC-AD can be rewritten 
as 


B'C’ :C'D' : D'B' = (AD - BC) : (CD - AB) : (BD - AC). 
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51. 


This defines the shape of triangle HC and since the right-hand side is 
symmetric in A, B, C, and D, we find that the remaining three triangles 
also have this shape. We are done. 


Quadrilateral with escribed circle, 


Circle w is inscribed in angle EAF and is tangent to AE at E and to AF 
at F. On the segments AE and AF choose points B and D, respectively, 
Let the tangents from B and D to w (distinct from A and AF) intersect 
at C. Show that: 

(a) AB + BC = CD + DA. 


(b) The incircles of triangles ABD and BCD touch BD at symmetric 
points with respect to the midpoint of BD. 


Proof. In (a), Denote by T, U the points of contact of the lines BC, 
DC with the circle w. 


By Equal Tangents for vertices B, A and D we find 
AB + BT = AB + BE = AE = AF = AD + DF = AD + DU. 
Subtracting CT = CU yields the result. 


In (b), we work in a figure without circle w, Denote by P, Q the points 
of contact of BD with the incircles of triangles ABD, BCD. 


By Proposition 1.7 we have 
BP = SBD + AB-DA) and DQ= (BD +CD- BC). 


Since part (a) also reads as AB D = CD- BC, we obtain BP = DQ 
implying that P and Q are symmetric about the midpoint of BD, 


— 
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52, [Euler's Theorem} Triangle ABC is inscribed in circle w with radius R 


centered at O. Let I be the incenter of triangle ABC and r its inradius. 
Prove that OI? = R? — 2Rr. 


Proof. We use power of J with respect to the circumcircle, From the 
very definition we know that p(J,w) = OI? , hence it suffices to 
prove that p(/,w) = —2Rr. 


Let M be the second intersection of AJ and w, ie. the midpoint of arc 
BC of w which does not contain A. Since I lies inside w, we aim to prove 
IA-IM = Nr. 


We know that MI = MB (see Proposition 1.38(b)) and thus by the Ex- 
tended Law of Sines in triangle AMB, we have MJ = MB = 2Rsin SA. 


As for the distance JA, we introduce the point of contact Z of the incircle 
with AB and use right triangle A/Z from which we obtain 


r 
sin = g 


Together we obtain MI- AT = 2rR and we may conclude. 


Remark. Very analogous argument can be applied to show that O7? = 
R? + 2Rra, where Je is the center of A-excircle of triangle ABC and ra 
its radius. We encourage the reader to verify this. 


53. Customizing inversion. 


(a) Let w be a circle and J a point outside of it. Prove that there exists 
a circle i with center J such that w is preserved in inversion about 
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(b) Let wy, wy, wy be three circles with non-collinear centers, each out- 
side of the other. Prove that there exists a cirele i such that inver- 
sion about i preserves wj, wz, and wy. 


First Proof of (a). Denote the tangents to w passing through J by £, 
fz and the respective points of tangency by T}, Ta. Since any inversion 
about J preserves Ci and f, it maps w to a circle inscribed in the angle 
formed by Li and fy. By letting the radius of i be equal to JT) 112 
we ensure that ITI and Tz are preserved and since there is unique circle 
tangent to f; at Ii and to f at Tz, the circle w is preserved too. 


T, í — i 
VII w) 
w w 
1 1 
B 
Ty b 


Second Proof of (a). We offer another approach which we will follow 
in the next part too, Let £ be any line passing through I and intersecting 
w at (not necessarily distinct) points A, B. As the product JA -IB = 
„J. e is constant, it suffices to let the radius of i be equal to r; = 
VII. w) since then we have 

„ 2 JA-IB 

n 

which implies that A is mapped to B and vice versa. 
Proof of (b). Let P be the radical center (see Proposition 1.22) of wi, 
wy, and ws. Since the circles lie outside each other, point P lies outside 
them too and p{P,w)) = p( P22) Mn = p . As in the second 
proof of part (a) we conclude that the circle with center P and radius 
VP has the desired property. 


= IB 
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Chapter 5 


Solutions to Advanced 
Problems 


1. In acute triangle ABC let H, F be the points of contact of the incircle 
with the sides AB, AC, respectively, and let L and M be the feet of B 
and C-altitudes. Show that the incenter J“ of triangle ALM coincides 
with the orthocenter H’ of triangle AEF, 


Proof. We draw two separate diagrams and prove that J’ and H” lie 
on the same ray from A and with the same distance fromm it. 


First, we focus on J“, This certainly lies on the bisector of ZA and 
recalling that the factor of similarity between triangles ABC and ALM 
is | cos A (see Proposition 1.35(¢)), we can write Al’ = Al cos ZAI, 
where / is the incenter of triangle ABC. 


For H’, we first note that triangle AEF is isosceles, thus its altitude 
is also the bisector of ZA. The distance AH’ can be found as AH’ = 

. 2R\cosal (see Proposition 1.35(f}), where 2R is the circumdiameter of 
triangle AEF. But as points E and F lie on a circle with diameter AJ, 
this circumdiameter is actually AJ and the conclusion follows. 
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2, In triangle ABC with CBAC = 120°, denote by D, E, F the intersec- 
„ tions of the respective angle bisectors with the opposite sides BC, CA, 
AB. Find ZEDP. 


| Solution. Observe that AF is an external angle bisector in triangle 
| ADC. As CF is its internal angle bisector, F is inevitably the C-excenter 

of triangle ACD. Likewise, Æ is the B-excenter of triangle ABD. Lines 
DF and DE then bisect the angles ADB and CDA, making angle DEF 
one half of a straight angle, ic, 90°, 


— 


3. [Romania 2006] Let ABC be a triangle with AB = AC. Let D be the 
midpoint of BC, M the midpoint of AD and N the projection of D onto 
BM. Prove that ZANC = 90°. 


First Proof, Draw point X such that ADCX is a rectangle. Then 
} ABDM ~ ABCX (SAS), thus the triangles are homothetic from B 
implying that B, M, and X are collinear, As ZDNX = 90° = ZDAX, 
it follows that N lies on the circumeircle of the rectangle DCX A. Since 
AC is also diameter of this rectangle, we have ZANC = 90°. 


Second Proof, Realizing that ND ~ ADNM (AA), we see that 
the spiral similarity SUN, ND/N B, +90°) takes the segment BD to the 


— —[Uꝛ 
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segment DM. Since the triplets of points B, D, C, and D. AH, A have 
the same shape, & also sends C to A and ZANC = 90° follows. 


4. Let ABC be an acute-angled triangle with ZA = 60° and AB > AC. 
Let I be its incenter. 


(a) If H is the orthocenter of triangle ABC, prove that 


24 HI = 32B. 
(b) If Mf the midpoint of AJ, prove that M lies on the nine-point circle! 
of triangle ABC. 
Proof, 


(a) (APMO 2007) The angle ZAHTJ is not directly accessible so it is 
natural to expect some circle to arise. 
We recall basic angles 2BIC = 90° + 4ZA = 120° (see Proposition 
1.38) and 2BHC = 180° ~ ZA = 120° (see Proposition 1,35(c) for 
acute-angled triangles). 
Thus BCH is cyclic (with vertices in this order due to AB > AC) 
and we may now finish the problem easily. Indeed, using the angle 
by H one more time we learn 


41HC + ZCHA= (180° — 34B) + (180° — ZB) 


and hence ZAHI = B. 


pee c B 0 


‘For explanation see Theorem 1.37. 
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(b) Once we observed that BCH is cyclic, we just need to realize 
that homothety H(A, 3) takes triangle BHC to triangle MoHa Mp, 
where Me, Ha, and Ma are the midpoints of AB, AH, and AC, 
respectively. Thus the circle BAC is taken to the nine-point circle 
of triangle ABC (see Theorem 1.37) and since J is taken to M, we 
may conclude, 


5. [Brazil 2008] Quadrilateral ABCD inscribed in a circle w contains its 
center O in its interior. Let r and s be the lines obtained by reflecting AB 
with respect to the internal bisectors of ZC AD and ZC BD, respectively. 
If P is the intersection of r and s, prove that OP is perpendicular to 
CD. 


Proof. Note that bisectors of both angles ZCAD and ZCBD intersect 
the circle at the same point, namely at the midpoint E of are CD (not 
containing A and ). Now, since OF 1 CD, we may erase points C and 
D and aim to prove that O, E, and P are collinear. 


~--@--<s 


As O lies inside ABC D, angle AEB is acute and thus 2BAE+ZABE > 
90° implying that lines AE and BE bisect external (and not internal) 
angles in triangle APB. Therefore E is the P-excenter in this triangle, 


We recognize w as part of the Big Picture from Proposition 1.42(b) for 
triangle APB and recall that its center lies on the angle bisector of 
ZBA. The éonclusion follows as E, O, P form the angle bisector of 
¿BPA. 


6. Let X be the foot of perpendicular from vertex B of the triangle ABC 
{AB < AC) to the angle bisector of ZA. 


(a) Let M, P be the midpoints of AB, BC, respectively, Prove that 
X lies on MP. 


— OS ii 


— 
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(b) Let D, E be the points of contact of the incircle with sides BC, 
AC, respectively. Prove that X lies on the segment DE. 


Proof. 


(a) To prove that X lies on ASP is the same as to prove that it lies 
half the way from B to line AC (consider the homothety H(B, 2)). 
Denote by X” the intersection of BX and AC, 

We draw AX vertically and observe that since BX’ is horizontal, 
it cuts off an isosceles triangle from angle BAC. Thus BX = XX’ 
and we are done. 


A 


(b) We seek the connection between the points of contact of the incircle 
and the point X. Let J be the incenter of triangle ABC. 
Then DE = IAB = 90° so the points B, D, X, I are concyclic 
(thanks to AB < AC in this order of vertices). Now it is straight- 
forward to express LX DB and D in terms of ZA, ZB, ZC. 


A 


be 


B D c B D 0 


Using the concyelicity we obtain & B = ZAIB = WP + 42C 
(recall Proposition 1.38(a)) and ZEDB can be calculated as an 
external angle in one half of the isosceles triangle DCE as 90°44 ZC 
Thus, the lines DX and DE coincide and we are done. 


— — 


— — 
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7. Junior Balkan 2010) Let BK and CL be angle bisectors in an acute 


triangle ABC with incenter J (& lies on the side AC, L lies on the side 
AB). The perpendicular bisector of LC intersects the line BK at point 
M. Point N lies on the line CL such that NK is parallel to LAI, Prove 
that NK = NB. 


Proof. We identify points A and N as midpoints of arcs in some 
circumcircles. 


Namely, since M is the intersection of the bisector of ZCBL and the 
perpendicular bisector of LC, it is the midpoint of the minor are LC of 
the cireumcirele of triangle LBC. In particular, BCM L is cyclic. 

But then also BCKN is cyclic, since in ZBIC the line LM is antipar- 
allel to BC and has the same direction as NK. Finally, as N is the 
intersection of the circumcirele of triangle BCK and the bisector of ZC 
it is the midpoint of minor arc BK, which ensures NK = NB. 


. [All-Russian Olympiad 2001] Circles w, w with radii Ry and Ro are 


internally tangent at N (with w; inside wz). Let K be an arbitrary point 
on wi The tangent to a, at K intersects ay at A and B. Let M be the 
midpoint of the are AB of wy not containing point V. Prove that the 
cireumradius R of triangle KBM does not depend on the choice of K. 


Proof, First, place AB horizontally with N “above” it and observe 
that as K and Mf are the “bottom” points of the circles wy, wz, they 
are collinear with the center N of homothety which sends wy to wy (see 
Example 1.4 if needed), 

Next, we denote the angle MKB by y and observe that p corresponds 
to some ares in all three circles. In w it due to tangency corresponds to 
are NA, in wy it corresponds to the sum of ares BM and AN (see Corol- 
lary 1.14(a)), which equals are VAT, and of course in the circumcircle 
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of triangle KBM it corresponds to MB, Using the Extended Law of 
Sines and the Shooting Lemma (see Proposition 1.40(a)), we may thus 
calculate R as 


MB? MK:MN 
2 = = 

(2R) Siniy sin y 

_ MN 3 ee 2 NK 


sing \sing ae) 2h 2¹ lt Ni). 


which is indeed independent of the choice of K. 


The external common tangent of the circles l'4, TZ with centers Or, On is 


tangent to them at distinct points Ay, Az, respectively. The circle with 
diameter Aj Az meets l'i, La for the second time at By, Bo, respectively. 
Prove that the lines Ay B2, BA and O10 are concurrent. 


Proof. Let Ay Ag be horizontal with wi, wg “above” it. We will guess 
the common point. 


Extend A; B2 to meet Ty for the second time at Cy. Since 2A, ByAy = 


90°, we have ZA2B2C3 = 90° implying that Az and Cz are antipodal 
points of Py. In other words, C3 is the “top” point on Ps. 


126 
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Now the natural choice for the point of concurrence is the center H™ of 
the negative homothety that maps l; to Lz. As A; and C2 correspond 
in this homothety, line A; By passes through H~. By precisely the same 
argument, line Ay Hi passes through H~ too. Finally, H~ clearly lies on 
OO, which finishes the proof. 


[Poland 2000) A circle passing through the vertex A of a parallelogram 
ABCD intersects the segments AB, AC, AD for the second time at P, 


Q, R, respectively. Prove that 
AP: AB + AR-AD = AQ : AC. 


Proof. The metric relation looks somewhat similar to Ptolemy's Inequal- 
ity (see Theorem 1.46) in its equality case. 
The (real) Ptolemy's Inequality applied to cyclic quadrilateral APQR 
states 

AP QR + AR- PQ = AQ: PR. 


If AB/QR = AD/PQ = AC/PR = k were true, then the result would 
follow just by multiplying by k. As AB = DC, this is equivalent to 
AADC ~ APQR. 


Perhaps surprisingly, this similarity is quickly obtained by AA, since 
the cyclic quadrilateral APQR gives ZQPR = ZQAR = ZCAD and 
ZPRQ = ¿PAQ = LAM. 


. Triangle ABC with incenter T and D = AIN BC satisfies b+c = 2a. 


Show that; 
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(a) GI || BC, where G is the centroid of triangle ABC. 
(b) ZOTA = 90°, where O is the circumcenter of triangle ABC. 


(c) Let E and F be the midpoints of AB and AC, respectively, Then 
I is the circumcenter of triangle DEF. 


Proof. Statements of the problem lead us to the belief that ratios on 
the angle bisector AD have very special values in this kind of triangle. 
Let's first focus on those ratios. For the sake of simplicity, we may 
assume DI = 1. 


As the incenter divides the angle bisector AD in the known ratio (see 
Proposition 1.38(c)), we find 


Al ~ ote 
ID ä 
A 
2 
U 
1 
D 


Next, we denote by M the midpoint of are BC (not containing A) of 
the cireumcirele of triangle ABC. We want to find MI. We recall the 
Shooting Lemma (see Proposition 1.40(b)), which gives M/* = (MI — 
1)- (MI + 2) and thus M/ = 2 and so MD = 1. 


Now we know enough about ratios and we may proceed to the problem 
itself. 
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(a) Since I divides AD in ratio 2: 1 and G divides the median AA, 
(A; € BC) in ratio 2 : 1, the homothety H(A, 3) takes IG to DA, 
and thus BC || GI. 


(b) Since I is the midpoint of the chord AM, we indeed have ZO/A = 
90°. 


(c) We will prove JE = IF = ID = 1. As JE is a midline in trian- 
gle ABM, we have JE = }MB = }MI = 1 (recall Proposition 
1.38(b)). Same argument shows JF = 1 and we are done. 


12. Points B, D, and C are collinear in this order and BD # DC. Find the 
locus of points X such that HX D = ZDXC. 


Solution. Assume we found such point X. Being disappointed that the 
equal angles intercept distinct segments, we decide to map one segment 
on the other. 


X. `a 


1 
Err go ies 


Consider positive homothety H sending BD to DC and its center H € 
BC. 1f X is the image of X in H, then 


¿DX'C = ZBXD = ZDXC 


and as expected & X is cyclic. Moreover, as DX |] CX’, it is an 
isosceles trapezoid. Thus, from symmetry of the trapezoid, we have 
HD = HX, which implies that X runs along a circle centered at H with 
radius HD. By reversing the chain of arguments, we can see that every 
point X ¢ BC of the circle satisfies the desired 2BX D = ZDXC. 


Remark. We have in fact solved a classical problem from triangle 
geometry: Given triangle ABC, what is the locus of points X for which 


XB _ AB, 
AG a 
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13. 


If D is the foot of the A-angle bisector, then due to the Angle Bisector 
Theorem this rewrites as 


XB _ DB 
XC DC’ 


which happens if and only if ZBXD = ZDXC (again by the Angle 
Bisector Theorem) as in our problem. Thus the answer is the circle we 
have just found ~ the so-called Apollonius’ circle of triangle ABC with 
respect to vertex A (the other two Apollonius’ circles corresponding to 
vertices B and C). We encourage the reader to verify that these three 
circles intersect at two common points which have the property from 
Introductory Problem 37. 


Let ABC be a triangle and P a variable point on the are AB of its 
cireumcircle w not containing point C. Let X, Y be the points on the 
rays BP, CP such that BX = AB and CY = AC, respectively. Prove 
that all such lines XY pass through a fixed point independent of the 
choice of P. 


First Proof. What happens to X when P moves along the are AB? 
Since the distance BX is fixed, point X runs along (fixed) circle wẹ with 
center B passing through A. Likewise, Y traces an arc of a circle we 
with center C and passing through A. Moreover, since 


ZABX CAP = ZACP = ZACY, 


the triangles ABX and ACY are directly similar (SAS) and the spiral 
similarity centered at A which maps w to we and B to C maps also X 
to Y, Hence the line XY passes through the second intersection of wa 
and we, Le. the reflection A' of A about BC (see Proposition 1,48). 


we 
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Second Proof. As in the first proof (but without actually drawing 
the circles) we note that the triangles ABX and ACY are isosceles and 
similar. Hence it is natural to consider spiral similarity centered at A 
which maps triangle ABX to triangle ACY. 

By fixing point P, we fix the shape of those triangles and observe that 
as B “glides” to C, point X “glides” to Y. In other words, line XY is 
the locus of points Z for which there exists point D on the line BC such 
that triangle AZD is similar to both ABX and ACY. But the reflection 
A of A about BC clearly has this property! Hence all the lines XY pass 
through A’. 


LAS 


oy 


Third Proof. If we are aware of the circles wy and we from the first 
proof and manage to guess the common point would be A’, we may also 
verify it by angle-chasing. 


We have 
LXAA= * = rn = 5ZPCA = br = LY A'A, 


hence X, Y and A’ are collinear and.we are done. 
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14. [AIME 2007] Four circles w, wa, a», we with the same radius are drawn 


in the interior of triangle ABC such that wa is tangent to the sides AB 
and AC, w to BC and BA, we to CA and CB, and w is externally 
tangent to wa, wy, and we If the side lengths of triangle ABC are 13, 
14, and 15, determine the radius of w. 


Solution. In order to make use of the equal radii we have to introduce 
some new points. Denote by A’, B', C', O the centers of the circles we, 
Wh, We, w, respectively, and by r their common radius. 


Since the radii of wy and we are the same, points B and C have the 
same distance from the line BC and so B’C’ || BC. The same holds for 
the other sides, and thus the triangles ABC and A are similar. 


Recall that the perimeter, area, inradius, circumradius or almost any- 
thing in triangle ABC can be calculated given its sides. If we were 
able to express two such quantities in triangle AH in terms of x, we 
would equate their ratios and obtain the answer (“similar means propor- 
tional”). 


As OA = OB' = OC" = 2x, point O is the circumcenter of triangle 
N and its circumradius equals 2x. 


Moreover, denote by the incenter of triangle ABC and by r its inradius. 
The distance of J to all the sides of triangle A'B'C’ equals r = z, hence 
is also the incenter of triangle A and its inradius equals r — z. 


On the other hand, using ryz formulas for triangle ABC (sce Proposition 
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1.8) we compute r = 4 and R = ©. Thus it suffices to solve 


Se: 


4 4-2" 
which yields z = 72. 


15. Broken circle. 


(a) Point P inside a parallelogram ABCD satisfies 2BPC + ZDPA = 
180°, Prove that 2CBP = ZPDC. 


(b) Let ABCD be a trapezoid with AB || CD and AB > CD. Points 
K and L lie on the line segments AB and CD, respectively, such 
that #45 = Pk. Suppose that there are points P and Q on the line 
segment KL satisfying LAPB DC and ZCQD = ZCBA. 
Prove that the points P. Q, B, and C are concyelic. 


Proof. 


(a) The constraint reminds us of cyclic quadrilaterals, so we try to 
create one. We take the triangle APD and translate it so that A 
goes to B and D to C. Then, if we denote by P’ the image of P, 
the quadrilateral HHH is cyclic. 


D 


Combining this with the fact that PP'CD is a parallelogram we 
obtain CP = ZCP'P = ZPDC as desired, 


(b) (IMO 2006 shortlist) Since ZDCB + ZCBA = 180°, the angles 
APB and CQD add up to 180°, Again, we want to reconstruct the 
cyclic quadrilateral. This time it is homothety that does the job. 
Denote the intersection of AD and BC by E and consider homoth- 
ety with center E which takes AB to DC. Then, for the image P” 
of P, we have ZDP'C = ZAPB and thus Dis cyclic, just as 
we intended, , 


— —ñ—ä3—— — nee 
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Also, since the points K, L divide the segments AB, DC in the 
same ratio, line & L passes through E. Now we may conveniently 
erase K and L and leave a line through Æ only. 


What remains is just some angle-chasing. From ZCQD = 
CBA = ZECD we infer that BE is tangent to the circumcir- 
cle of DQCP’. Thus, the lines QC and P'C are antiparallel in 
Eh and since by homothety PC | PB, we get that QC and 
PB are also antiparallel in ZPEB implying that P, Q, B, C are 
concyclic. 


16. [Poland 2000] Let ABC be an isosceles triangle with base BC. Let P be 
a point inside the triangle ABC such that CP = ZACP. Denote by 
M the midpoint of the base BC, Show that ZBPM + CPA = 180°, 


Proof. First, we address the constraint ZCBP = ZACP. It implies 
that the cireumcirele of triangle BCP, which we denote by w, is tangent 
to the line AC. By symmetry in line AM, it is tangent to AB as well. 


Now we focus on the triangle BCP. As A is the intersection of tangents 
to its cireumeircle at the vertices B and C, line PA is its P-symmedian 


— 
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(see Introductory Problem 49). Thus, if we denote by M’ the intersection 
of PA and BC, we obtain ZBPM = A , which finishes the proof. 


17. Let ABC be a non-right triangle with orthocenter H and circumcirele 
W. 


(a) Let P be a point on w. Prove that the reflections of P over the sides 
of the triangle ABC are collinear with H. Deduce that Simson line? 
of P with respect to triangle ABC bisects the segment PH. 


(b) Let £ be a line passing through H and denote by fa, Gy, be its 
reflections over the respective sides of the triangle ABC, Prove 
that fa. fs, e pass through a common point on w. 


Proof. 


{a) Denote the images of P in reflections over BC, CA, AB, by Pa, 
Py, and H. respectively. We will prove only that Tb. Fr, and H are 
collinear, the rest will follow by analogous arguments. 

The key idea is to introduce the images Hy and He of the orthocen- 
ter in reflections over AC and AB, respectively. Since both Hy and 
He lie on the circumcircle of triangle ABC (see Proposition 1.36), 
they are the natural link between the orthocenter and reflections in 
triangle sides. 

Observe that triangles AHP, and AH,P are reflections of one an- 
other in line AC. In particular, they are congruent (but differently 
oriented). The same holds for triangles AH Pe and AH,P. This 
should be enough to finish the problem by angle-chasing. Indeed. 
using oriented angles (to cover all possible positions of P) yields 


ZILAH., H Py) = —Z( AN, HP) AH, HoP) AH. HP), 


where in the second equality we used that A, Hy, He, and are 
concyelic, The conclusion follows (see Proposition 1,18). 

As for the Simson line, consider homothety HCP, $). It takes Pa, 
H, and P, to the projections of P to BC, CA, AB, respectively, 
and hence it takes the line through Pa, Pe, and P. to the Simson 
line of P with respect to triangle ABC, Since the line through Pa, 
Py, and P, passes through H, the Simson line of P with respect to 
triangle ABC passes through the midpoint of PH. 


3 For explanation geo Proposition 141. 
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(b) (Anti-Steiner® point) Again, we only prove that the intersection X 
of nonparallel lines l, and le lies on w. 


Note that ii passes through II and le passes through He- Using 
the symmetries similarly as in (a), we again make use of directed 
angles: 


LIX My, HLA) = -2 (6. HA) = 2(X H., HeA). 
Thus points X, A, Hp, and He lie on one circle as desired. 


18. Circles wa, wẹ are externally tangent at T and their common external 
tangent (is tangent to them at A, B, respectively, Let w be a circle 
inscribed in the curvilinear triangle ABT and denote by O its center 
and by r its radius. Prove that OT < 3r. 


Proof. We invert about T with such radius, that w is preserved (if in 
doubt, consult Introductory Problem 53) and superimpose the diagram 
with the original one. 
3Jakob Steiner (1796—1863) was a Swiss mathematician who laid foundations of modern 
syathetic geometry, 
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In this inversion, circles wa, w are mapped to parallel lines u, wi tangent 
tow’ = w, and line £ is mapped to a circle & inscribed in the stripe formed 
by wf and a}, tangent to w and passing through T. 

By now the result is apparent. Since both # and w are inscribed in the 
same stripe, they are equal and thus denoting the point of contact of w 
and ( by X we have OT < OX + XT <r + 2r Zr. 


19. Let ABC be a triangle inscribed in circle w and denote by R, r, Fas Th, 
Te its circumradius, inradius, and the respective exradii. 


(a) Denote by M the midpoint of the side BC and by N the midpoint 
of are BC of w containing vertex A. Prove that 


MN = 205 + re): 


(b) Prove that 
Ta Tr re = A- Hr. 


(c) Let D, E, F be the midpoints of ares BC, CA, AB of not con- 
taining vertices A, B, C, respectively. Prove that the perimeter of 
the hexagon APBDCE is at least A(R + r). 


Proof. Denote the incenter of triangle ABC by J and its respective 
excenters by Ta, th, Te- 


(a) Place BC horizontally. Since N is the midpoint of the segment 
Isle (see the Big Picture — Proposition 1.42), the horizontal level of 
the point N is the average of the horizontal levels of the points Jo- 
Ie. But these are precisely the respective exradii which finishes the 
proof of the first part, 
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Al 
PSS, 


(b) Let D be the midpoint of are BC of w not containing vertex A. 
Then D is the midpoint of the segment IIe (again, recall the Big 
Picture) and as in the part (a) we conclude that DM = }(re . 
As DN is the diameter of w, summing this with the result of the 
first part we obtain the desired 


B 


fate tre=r=2:MN+2-DM =4:R. 


(e (Mathematical Reflections, Michal Rolinek) Since DB = DC = 
DI D, the perimeter of AF BDCE rewrites as 


(BD + DC) + (CE + EA) + (AF + FB) In + Ie. 


” By (b) we are to prove that this is at least (4. R 4 r) + 3r = 
(ratr)t (ro tr) +(re+r). A bit of wishful thinking now suggests we 
focus on much smaller diagram and try to prove IIa > re +r, since 
if we succeeded then the result would follow by adding symmetric 
inequalities. Fortunately, the mentioned inequality is not only true 
but also obvious. 

Indeed, denoting by A, the foot of angle bisector by ZA we imme- 
diately have JA, > r and Ail, > ra, and thus also Jfa > ra +r. 
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20. Circles w, wz, and wg are given in the plane, every one outside the others, 


2i. 


Circle w is tangent to them externally at A}, Ag, Ag, respectively, and 
circle 2 is tangent to them internally at B1, B2, By, respectively. Prove 
that lines A; Bi, Ag Hz. and A; By are concurrent, 


First Proof. Proving concurrence of lines defined by tangency points of 
some circles should remind us of homothety. 


Point A, is the center of negative homothety which maps w to w, and 
point Bi is the center of positive homothety which maps w to H. Since 
performing the former homothety followed immediately by the latter one 
gives us the negative homothety which maps w to Q, line AB, passes 
through the center H~ of negative homothety between w and 2 (see 
Lemma 1.31). 


For exactly the same reason, lines Ay By and Ay By pass through H™ too, 
This finishes the proof. 


Second Proof. This time we handle the circles with the aid of inver- 
sion. 


As in the Introductory Problem 53 we construct a circle i such that all 
three circles wi, wz, wg are preserved in inversion about i. This inversion 
maps circle w. which lies inside i, to a circle which lies outside i and 
is tangent to w = wi, w = a, and w} = ws. But there is only one 
such circle namely Q! Hence w is mapped to Q and in particular, 
points A), Ag, Ag are mapped to Bi, By, By, respectively. Since any 
line through a point and its image in inversion passes through the center 
of that inversion, lines A,B), Ae Bo, and AB, are concurrent at the 
center J of i. 


[Kazakhstan 2012] Points K. L on the side BC of a triangle ABC 
satisfy ZBAK = ZCAL < 374. Let w, be any circle tangent to the 
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22. 


lines AB and AL, let uy be any circle tangent to the lines AC and 
AK, and suppose that w} and wy intersect at P and Q. Prove that 
ZPAC = ZQAB. 


Proof. Denote the intersections of wi and w such that AP < AQ. 


Points B, K, L, C are clearly mentioned in the problem for the notation 
purposes only. The diagram in fact consists of an angle (BAC), two 
isogonal lines in it (AK, AL), and two circles inscribed in the angles 
formed by these lines and the sides of the angle, In such setting, some 
sort of V/bc-inversion is a must. 

Denote the points of tangency of w; with AB by T} and that of wy with 
AC by Ta. Consider the transformation obtained by reflection about the 
bisector of angle BAC followed by inversion with center A and radius 

1 Afr 


In such transformation, w is mapped to the circle inscribed in 2K AC 
tangent to line AC at the point with distance 


2 AI 472 
F 


from A. Hence it is mapped to wz and wp is mapped to wi. Point P, 
being the intersection of wy and wy closer to A, is then mapped to the 
intersection of ay and w; further from A, Le. to the point Q. Since 
point and its image in such transformation lie on isogonal lines, the 
result follows, 


{All-Russian Olympiad 2011) An acute-angled triangle ABC is given. 
A circle passing through A and the triangle’s circumcenter O intersects 
AB and AC at points P and Q. respectively. Prove that the orthocenter 
of the triangle POQ lies on the line BC. 


j= 
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First Proof. Denote the orthocenter by H, 


If we manage to prove that quadrilaterals BHOP and CHOQ are cyclic, 
we will be instantly done as 2BHO+ZOHC = ZAPO+ ZOQA = 180°, 
By symmetry, it suffices to prove the concyclicity of say BHOP only. 


The figure consists of the triangle ABC with its circumecenter O and the 

triangle POQ with its orthocenter H. These two parts are connected 

via cyclic quadrilateral APOQ. This guides us during the angle-chasing 
OHP = WP — ZHPQ = ZPQO = ZPAO = ZOBA 


which shows that BHOP is cyclic and we may end the proof here. 


B 


Second Proof, Denote by K, L, M the midpoints of the sides BC, CA, 
AB. First, we will check the statement for P = M and Q = L (note that 
AMOL is cyclic) and for the general case we will use dynamic argument. 


We have already seen that O is the orthocenter in triangle KLM (see 
Introductory Problem 23(b)) which means K is the orthocenter of tri- 
angle OLM (see Lemma 1.34). Since K € BC, the case P = M and 
Q = Lis done. 


Now consider points P # M, Q # L on the sides AB, AC such that 
APOQ is cyclic. 


B K H C 


Since ZOQL = 180°—ZAQO = ZOPM, right triangles OLQ and OM P 
are similar (AA). We consider the spiral similarity & centered at O which 
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takes L to Q and M to P. Note that denoting the orthocenter of triangle 
OPQ by H, all we need is ZH = 90°, 


Since S takes triangle OLM to triangle OQP it takes the orthocenter 
of triangle OLM (i.e. K) to the orthocenter of triangle OPQ (ie. H). 
Thus. AOKH ~ AOMP ~ SOLQ and indeed ZOKH = ZOMP = 
90°. 


23. [All-Russian Olympiad 2002] Let O be the circumcenter of a triangle 
ABC. Points M and N are chosen on the sides AB and AC, respectively, 
so that 4NOM = ZA. Prove that the perimeter of triangle MAN is 
not less than the length of the side BC. 


Proof, This is going to be tricky! Our strategy will be to rearrange 
the sides of triangle AMN so that they form a broken line. Then it 
should be easier to compare its total length with BC. The presence of 
the circumcenter (a point equidistant from A, B, and C) suggests using 
rotation. 


First, we consider rotation with center O which takes A to B and apply 
this rotation to triangle AOM. The image of M will be denoted as 
. Similarly, we consider rotation with center O which takes A to C 
and apply it to triangle AON to obtain a new point N’. Since rotation 
preserves distances, we have BM‘ = AM and CN’ = AN. Now, we wish 
to prove M'N’ = MN, since then the conclusion would follow (a straight 
line is the shortest distance from B to C). As we have OM OA and 
ON = ON' we only need to prove ZM'ON' = ZNOM to ensure the 
SAS congruence of triangles MON and AON’. But this is easy, because 
¿BOC 2A (central angle) and 


ZM'ON' = ZBOC —(ZBOM' + ZN'OC) = 2ZA— ZNOM = ZA, 
amd we may conclude. 


107 Geometry Problems 


24. [Sharygin Geometry Olympiad 2005] Let ABC be a scalene triangle with 


orthocenter H and incenter J. Line 4% is perpendicular to the bisector of 
ZA and passes through the midpoint of BC. Lines & and Å- are defined 
analogously. Show that the circumcenter Oi of triangle formed by these 
lines lies on the line JH. 


Proof, We aim to relate point Oi to some triangle centers of triangle 
ABC. First, we get rid of the midpoints. Denote by G, the centroid of 
triangle ABC and recall that homothety H(G, —2) takes the midpoint 
of BC to A and thus line 1 goes to a line & through A perpendicular 
to the internal angle bisector. In other words, 4% is the external angle 
bisector. Since the same holds for & and f+, the triangle formed by the 
images has the excenters Ia, fp, and Te of triangle ABC as vertices. Also 
Oi goes to Oz, the circumcenter of triangle Je. 


In order to connect Oy with triangle ABC we use the Big Picture (see 
Proposition 1.42), Recall that the cireumcircle of triangle ABC centered 
at point O is the nine-point circle of triangle 1. Ie and that J is the 
orthocenter in triangle J Ju e, Hence as in the proof of the nine-point 
circle (see Theorem 1,37) homothety Pall. 5) takes O2 to O. 


Finally, we found a construction of O; from the triangle centers of trian- 
gle ABC and we can draw a diagram depicting it. Since H, G, and O lie 
on the Euler Line (see Example 1.3) in a known ratio, we have enough 


. information to conclude. Either we recognize a familiar diagram with 


triangle HO» and its centroid G or we can mindlessly verify collinearity 
of Oy, J, and H using Menelaus Theorem in triangle 0072. Indeed, as 
we have 

10 99 2. HG 1.2.21 


10 0G HO 21 3 
the proof is over, 
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25. Let wa, wp be two circles that are externally tangent at T' and internally 


26. 


tangent to circle w at A, B, respectively, Let S be one of the intersections 
of the common tangent of wa, w at T with w. Line AS intersects wa 
again at C and BS intersects wy again at D. Line AB intersects w again 
at E and w again at F. Prove that lines ST, CE, DF are concurrent. 


Proof. Since ST is the radical axis of wa, wy, by the Radical Lemma it 
suffices to prove that the points C, D, E, F lie on a single circle (see 
Proposition 1.23). 

By Introductory Problem 45, line CD is the common external tangent 
Of wa, We: 


Hence E = ZCAE, But since the homothety centered at B which 
takes w to w, maps AS to FD, we have AS || FD and ZCAE = ZSAB = 
Dh which ensures that CDEF is cyclic as desired. 


Shortest paths, 


(a) Let £ be a line and A, B two points on the same side of it. For 
what point L € fis AL + LB minimal? 


(b) Let “ABC be an acute-angled triangle. Among all the triangles 
DEF with vertices D, E, F on the sides BC, CA, AB, respectively, 
one has minimal perimeter, Find which one. 


Solution of (a). In order to estimate the length of the broken line we 
aim to straighten it. 


Let B" be the reflection of B about £. Then for any point X on the line 
f we have AX + XB = AX + XB’ > AB' and the equality occurs if 


— 
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X € AB". Hence the point L we are looking for is the intersection of £ 
with AB’. 


First Solution of (b).  (Fagnano's' problem) If D, E. F are the 
points on the respective sides of triangle ABC such that the perimeter 
of triangle DEF is the minimal possible then by (a) the segments DE, 
DF form the same angle with BC and likewise for the other sides, In 
other words, lines BC, CA, AB are the respective external angle bisector 
in triangle DEF implying that A, B, C are its respective excenters- 


Being the D-excenter of triangle DEF, point A lies on the bisector of 
angle FDE. Since the internal and external angle bisectors of ZF DE 
are perpendicular, point D is the foot of A-altitude in triangle ABC. 
Likewise we learn that Æ and F are the feet of the other altitudes, 


The triangle with minimal perimeter is the one formed by the feet of the 
altitudes, 


Second Solution of (b). Guided by the first part, fix D on the side 
BC and let D', D” be the reflections of D about the sides AB, AC, 
respectively, Then 


DF + FE + ED = D'F + FE + ED" > D'D" 


and hence we aim to find such point D on BC that the distance D 
is minimal. 


“Giovanni Francesco Fagnano dei Toschi ans- 1797) was an Italian archpriest with ex- 
tensive interest in mathematics. 
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As D varies along BC, its reflections about the sides AB, AC vary along 
segments BC’, BO, where triangles ABC’, ACB’ are the reflections of 
the original triangle ABC about its sides AB, AC. Moreover, BD’ = 
BD = B'D", so we may temporarily simplify the diagram again — now 
it consists of two congruent triangles AC’B, ACB’ with D, D” being 
corresponding points on their sides CB. CB’. 


The spiral similarity centered at A which maps triangle AC’ to triangle 
ACB" (in fact it is rotation) maps D’ to D”. Hence all the triangles 
AD'D" have the same shape and in order to minimize D we may 
minimize AD’ instead, The point on C’B closest to A is the projection 
of A onto n which (back in triangle ABC) corresponds to D being 
the foot of altitude from A. 


By the same reasoning we conclude that E, F are the feet of altitudes 
too, 


Remark. Note that the second solution of (b) does not require the 
hypothesis that a triangle with minimal perimeter actually exists. If we 
wanted to remove this hypothesis also from the first solution, we would 
need to verify that there is no sequence of triangles with decreasing 
perimeters that tends to a degenerate case with one of D, E and F at a 
vertex, 


[Based on IMO 1992 shortlist]! Circles w, w inscribed in a given circular 
sector with endpoints A, B are externally tangent at T. Denote by £ 
their common internal tangent. 


(a) Prove that / passes through a fixed point independent of the posi- 
tion of wy, wp. 


(b) Let C be the intersection of £ with arc AB. Prove that T is the 
incenter of triangle ABC. 


— m as 8 
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First Proof. Without joss of generality assume AB is horizontal and 
the circular sector is “above” it. The given are AB determines a circle. 
Denote it by w. 


(a) We will prove that the fixed point is the midpoint M of arc AB of 
w lying “below” AB. 
Recall that common internal tangent is the radical axis of w; and 
w. Thus it suffices to prove pM, wi) = MAT. w2). 
Denote by II, Ta, K, L the points of tangency of a, and w, wz and 
w, a and AB, and ay and AB. 
As K is the “bottom” point of the circle w, a homothety centered 
at Ii that sends w tow maps K to M. Hence the points Ti, K, 
M are collinear and similarly, Tz, L, M are collinear, 


Now we are left to prove MK - MT, = ML» MT. which is true 
by the Shooting Lemma since both sides are equal to MA? (see 
Proposition 1.40(c)). 

(b As CT passes through AT, it is the bisector of angle ACB. By the 
alternative definition of the incenter, it suffices to prove MT = MA 
(sce Proposition 1.39), which is straightforward, since 


MT? =p M,a) = MK -MT = AA. 


Second Proof. Let w be the circle containing arc AB and let £ meet 
wat C and M with C on arc AB. Draw £ vertically and perform an 
inversion with respect to T. Denote images under this inversion with 
primes. 

The circles wy and wz and the line £ become three vertical lines , w% 
and C with ( between the other two. The line AB becomes a circle F 
meeting l at T and tangent tow) and wh., The circle w becomes a circle 
u” tangent to w4 and w with T in its. interior. The intersections of w” 
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with I are A’ and H. The intersections of with a” are C’ and Af’ with 
M' inside F. 


Now by symmetry A'B" is horizontal and M” is the reflection of T across 
A'B’. Hence T is the orthocenter of triangle A (see Proposition 
1,36). Further this triangle is acute since its orthocenter is in its interior. 
Using the result of Introductory Problem 44 (and the fact that a second 
inversion about 7° will reverse the first), we see that T is the incenter 
of triangle ABC. This solves (b). From this (a) follows immediately 
since the fact that CT bisects ZAC B implies that M is the midpoint of 
the are AB of w not in the given circular segment, independent of the 
positions of ay and wy. 


. [IMO 2005) Let ABCD be a fixed convex quadrilateral with BC = DA 


and BC not parallel to DA. Let two variable points E and F lie on the 
sides BC and DA, respectively, and satisfy BE = DF. The lines AC 
and BD meet at P, the lines BD and EF meet at Q, the lines EF and 
AC meet at R. Prove that the circumcircles of the triangles PQR, as E 
and F vary, have a common point other than P. 


Proof. The most natural way to employ BC = DA and BE = DF is 
to consider rotation R which sends B to D and C to A (and hence also 
E to F). Denote the center of such rotation by S. 


Since rotation is a special case of spiral similarity, its center S is the 
secomd intersection of the circumecireles of the triangles BCP and DAP 
(see Proposition 1.47). But in our case, R also sends BE to DF and EC 
to FA so it also lies on the circumecircles of the triangles BEQ, DFQ, 
ECR and FAR! . 
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With so many properties it is not hard to guess and prove that S is 
the point we are looking for. For instance, if we make use of cyclic 
quadrilaterals BCPS and ECRS we conclude by 


( SR, RQ) = Z(SR, RE) = Z(SC,CE) @ Z(SC,CB) = Z(SP.PB) = 
(SP. PQ), 


where we used directed angles in order to cover all possible cases. 


29. [All-Russian Olympiad 1995] Let ABCD be a quadrilateral inscribed in 
a semicircle w with diameter AB and center O. Lines CD and AB inter- 
sect at Af. Let K be the second point of intersection of the circumcircles 
of triangles AOD and BOC. Prove that ZCM KO = 90°. 


Proof. Consider inversion about w and denote by M’, K’ the images 
of M and K. It suffices to prove OA K! = 90° (see Proposition 1.51). 


Clearly, points A, B, C, D are preserved in such inversion. The circum- 
circles of triangles AOD and BOC are mapped to the lines AD and BC 
so K' = ADN BC. 

Line CD is mapped to the cireumcircle of triangle COD (denote it by 
I) and line AB is mapped to itself so A” is the second intersection of F 
and AB. 

” Let us focus on triangle ABK” with altitudes AC and BD, As O is the 
midpoint of AB, is the nine-point circle of this triangle (see Theorem 
1.37) and hence Af’ is the foot of altitude from K’ to AB. We may 
conclude. 

Remark. The assertion remains valid even if AB is an arbitrary chord 
of circle w. The interested reader is encouraged to prove this claim. 


— 
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30. [Poland 2006] Let AB be a segment and C its midpoint. Circle wy which 
passes through A and C intersects circle w which passes through B and 
C at two different points C and D, Point P is the midpoint of are AD of 
circle w; which does not contain C. Similarly, point Q is the midpoint of 
are BD of circle w which does not contain C. Prove that PQ L CD. 


Proof. We will show that CP and CQ have equal projections onto CD, 
which ensures PQ L CD. 


Focus on the left half of the diagram only and note that since CP is the 
angle bisector of ZACD (see Proposition 1.38(b)), we are dealing with 
a very standard configuration, 


‘Cc 


Among many possible ways to proceed we choose a fast (but a little 
tricky) one. Denote by D’ the reflection of D in the angle bisector CP. 
Of course, D' € AB and PD! = PD = PA (P is the midpoint of are 
AD), Placing AC horizontally helps us realize that P then lies “above” 
the midpoint of AD’, which implies that the projection of CP onto CA 
equals }(CA + CD’) = (CA +CD). As CP is the angle bisector, the 
projection onto CD is the same, Should D' coincide with A, ACDP is 
a cyclic kite with diameter CP and we get the same conclusion. 


Likewise we find that the projection of CQ onto CD or CB equals 
MCB + CD) and we may conclude, 
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31. [Mathematical Reflections, Michal Rolínek) Let BC be a fixed chord of 


the circle w with radius R and let A vary on the major are BC of w 
forming an acute triangle ABC with ZA # 60° and orthocenter H. 


(a) Show that the mirror images H’ of H over the A-angle bisector run 
along a circle. 

(b) Show that the projections X of H on the A-angle bisector also run 
along a circle, 


Proof of (a), Observe that AH’ is isogonal to AH in ZBAC, there- 
fore (see Proposition 1.17), A, H', and O are collinear, where O is the 
circumoenter of triangle ABC. Moreover, AH’ = AH = 2R|cosZAl 
(see Proposition 1,35(f)), which is fixed, Hence OH’ = [AO — AH = 
Ril = 2cos A is also fixed, implying that NM’ moves along a circle with 
center O and (nonzero) radius Ril — 200s Z Al. 


First Proof of (b). Denote by Ag and M the midpoints of the major 
and minor ares BC of w, respectively. Also, let Ho be the orthocenter 
of Ap BC and observe that for A = Ap, point X coincides with Ho. We 
will prove that X lies on a circle with diameter M Ho. 


First, observe that AX and Agi] both meet w at Af. Further, in Intro- 
ductory Problem 16, we have proved that H Ho || AAp and since M Ao 
is a diameter of w, we have AAg L AM and so , L AM, yielding 
X € H Ho and also ZM X Ho = 90°. This proves our assertion. 

Second Proof of (b). Recall that H also describes a circle, in fact 
the reflection of in BC (see Proposition 1.36). Since both H’ (from 
part (a)] and H trace a circle with the same relative speed (namely the 
speed of A along w). the Averaging Principle immediately yields that so 
do their midpoints X. 
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32. [Sharygin Geometry Olympiad 2012] In acute triangle ABC inscribed in 


circle w, let A’ be the projection of A onto BC and B, & the projections 
of A’ onto AC, AB, respectively. Line B' intersects w at X and Y 
and line AA' intersects w for the second time at D. Prove that A’ is the 
incenter of triangle XY D. 


Proof. First we prove that DA bisects 2X DY. Denote the circumeenter 
of triangle ABC by O and recall that AO and AA’ are isogonal in ZBAC 
(see Proposition 1.17). 


As HA = ZAC A! = 90°, line AA’ passes through the circumcenter 
of triangle AH, and hence AO (being isogonal to it also in ZBA. 
is perpendicular to BC’. A line perpendicular to a chord of a circle 
through the center of that circle is its perpendicular bisector so A is the 
midpoint of are XY of w. As a consequence, DA bisects ZX DY (if in 
doubt, see Proposition 1.38(b)). 


Now it suffices to prove AA‘ = AX (see the alternative definitions of the 
incenter ~ Proposition 1.39(b)). This might seem a bit hopeless at first, 
but as AX? = AB' - AC (see Shooting Lemma 1.40(a)), we quickly get 
rid of X and are left to prove AB' - AC = AA? in right triangle AA'C. 


If the last equality is not obvious to you yet, consult Introductory Prob- 
lem 2. 


[China TST 2006] Given a triangle ABC, let Bı, Bo, and C, Cz be 


points on the sides AB and AC, respectively, such that BB /R = 
CC. Prove that the orthocenters of triangles ABC, AB,C,, and 
ABC; are collinear, 


Proof, We choose to define the orthocenters as intersections of B and 
C altitudes and look at the problem dynamically. 
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Imagine a pair of lines £ and fe such that f L AC and 4% L AB, which 
start their motion with B € & and C € fe and move uniformly until 
By € f, and C € be, one of the positions then being Hi € & and Ci € £ 
(since points B; and Cy divide BB, and CC} in the same ratio). It 
suffices to prove that the intersections of & and & move along a line, 
which sounds more than reasonable, 


A 
N oe 
Hs 
ets 
i a ~& 
ty r ____ see. 
by 3 a 4 
oh iy 
B c 


Label the three positions of 4% and Ze as bi, by, by, and cr, 2, es and their 
three intersections as H,, Ho, and Hz. Now just observe that homothety 
centered at H; which sends by to by has factor H/ EH = CC2/CC, 
and thus sends cz to cs. Hence it maps Ha to Hy, which proves the 
desired collinearity. 


. [All-Russian Olympiad 2009] Let ABC be a scalene triangle. The angle 


bisector of ZA intersects the side BC at D and the circumeircle 2 of 
triangle ABC at A and HE. Circle w with diameter DE cuts N again at 
F. Prove that AF is the symmedian® of triangle ABC. 


First Proof. First observe that the midpoint M of BC lies on w as 
ZDME = 90°. Now consider yéc-inversion. Since the endpoints of a 
diameter of w D and E are interchanged, the circle itself remains intact. 
But since Vbc-inversion swaps BC and w, point M clearly goes to F, 
implying that lines AF and AM are isogonal in ZA, We may conclude, 


Second Proof, As in the first proof, M is the midpoint of BC and 
lies on w. Also, let N be antipodal to E on Q (hence E., M, and N 
are collinear), Since EFD = 90°, the ray FD intersects 2 again at 
V. Finally, as ZDMN = 90° and ZEAN = 90° (EN is diameter of 
©), the quadrilateral DAI N A is cyclic. Now we are ready to show the 
isogonality of AF and AM by angle-chasing: 


FAE = ZFNE = ZDNM = ZDAM. 


“For explanation see Introductory Problem 49. 
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35. [Baltic Way 2006] Let ABC be a triangle, let K be the midpoint of 


the side AB and L the midpoint of the side AC. Let P be the second 
intersection of the cireumcircles of triangles ABL and AKC. Let Q be 
the second intersection of AP and the circumcircle of triangle AK L. 
Prove that 2AP 34. 


Proof. Seeing the busy point A, we decide to straighten things up a 
bit following the idea of V/bc-inversion. We slightly adjust this technique 


by changing the radius of inversion to yah since then K“ = C and 


Then P’ is the intersection of the medians H and C’K’ in triangle 
AL'K’ ic, the centroid. Also Q is the intersection of AP’ with KI. 
which is the midpoint of KL“, Since medians divide each other in the 
ratio 2: 1, we have 3AP” = 2AQ'. In the original picture this rewrites 
as 3/AP = 2/AQ and we may conclude. 

Remark. Here combining the inversion with reflection is not really 
necessary. On the other hand, it lends extra perspective by showing 


— 


154 


37. 


107 Geometry Problems 


that AP is a symmedian (for explanation see Introductory Problem 49) 
in triangle ABC. 


An angle of fixed magnitude y revolves about its fixed vertex A and 


meets a fixed line Z at points B and C. Prove that the circumcircles of 
triangles ABC are all tangent to a fixed circle. 


Proof. We invert about A, Now £ transforms to a circle “ with A € V, 
the angle still revolves about A and B', CE H., We aim to prove that 
lines BC’ are tangent to a fixed circle. 


Bi 


But all the possible segments H are chords of H with the same corre- 
sponding inscribed angle g. Therefore, the segments HC are all equal 
and thus they keep fixed distance d from the center O of f. In other 
words, the lines HC are all tangent to the circle with center O and 
radius d. 


[iran 2011] Let ABC be a triangle and denote its circumeircle centered 
at O by w. Points M and & lie on the sides AB and AC, respectively. 
The circumcircle of triangle AMN intersects w for the second time at 
Q. Let P be the intersection point of MN and BC. Prove that PQ is 
tangent to w if and only if OM = ON. 


Proof. Without loss of generality assume that Q lies on the are AB of 
w not containing C and observe that it is the Miquel point of the quadri- 
lateral BCNM (see Theorem 1.49). Hence the quadrilaterals PBMQ 
and PONQ are cyclic too. 


First we assume that PQ is tangent to w. We angle-chase. 


— 
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Since PBMQ is cyclic, 2PQB = ZPMB = ZNMA holds. On the 
other hand, as PQ is tangent to w we may write ZPOB = ZQAB. 
Thus, QA || MN. 


As QMNA is a cyelic trapezoid, it is isosceles and the perpendicular 
bisectors of QA and MN coincide. However, O lies on the bisector of 
QA so it also lies on the bisector of MN and OM = ON as required. 


Now we prove the “if” part, Assume OM = ON. 


Observe that both the perpendicular bisectors of QA and MN pass 
through O. If they did not coincide, O would have to be the circum- 
center of (cyclic) QM NA. But that is impossible, since the points Af, 
N lie inside w and OM < OA. Hence the segments QA and MN share 
the perpendicular bisectors which implies that QM NA is an isosceles 
trapezoid. 


Finally, similarly as in the first part, we angle-chase ZPOB = ZPMB = 
ZNMA = QAB and conclude that PQ is tangent to w. 


. [USA TST 2000] Let ABCD be a cyclic quadrilateral. The projections 


of the intersection of its diagonals P to the sides AB and CD are E, F, 
respectively. Show that the line EF is perpendicular to the line through 
the midpoints K and L of the sides of BC and DA, respectively. 


Proof. Here we present a spectacular application of spiral similarity, 
Ve would like to use the Averaging Principle on the two similar triangles 
ABP and DCP (ABCD is cyclic!) but we can't since the similarity is 
indirect, We fix this by reflecting P over CD to get P' and directly 
similar triangles ABP and DCP’. Then their average which is triangle 
LKF has also their shape. 


— 
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Likewise we show that triangle LEK has this very shape too. The 
quadrilateral LEFK is then formed by two congruent triangles glued 
together along AL, therefore it is a kite and we may conclude. 


. [IMO 2010) Given a triangle ABC with incenter I and circumcirele F, 


let Al intersect T again at D. Let E be a point on the arc BDC, and 
F a point on the segment BC, such that 2BAF = ZEAC < AN. 
If is the midpoint of ZF, prove that lines EJ and DG intersect on L. 


First Proof. Points FH, F lie on isogonal lines with respect to BAC, 
one of them on the circumcirele of triangle ABC, the other one on the 
side BC. What does it mean? Yes, they are images of one another in 
Vbe-inversion! 
Since the incenter J is present in the diagram we recall that its image 
in Vbe-inversion is the A-excenter Ia (see Introductory Problem 33) and 
draw it too, 
Now 

Al- Ala =bc= AE: AF and ZIAE = FAI. 
hence AAE FA (SAS) and in particular LAEI = ZAIF. Fur- 
thermore, as we know from the Big Picture (see Proposition 1.42), point 
D is the midpoint of JJa and thus DG is the midline in triangle F/T, 
and ZAL F = ZADG. 
Equal angles AET and ADG are both inscribed in F, hence they intercept 
the same are implying that HEI and DG intersect at F. 


Second Proof. Let EI intersect F for the second time at X. Equiva- 
lently, we may prove that DX bisects FI. Let G" be the intersection, 


— neon cece 
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Since ZDXE = DE ZFAD, if we denote the intersection of AF 
and XD by H then HIAX is cyclic. In other words, line HJ is antipar- 
allel to XA with respect to the angle LX DA. 


But since D is the midpoint of are BC, line BC is also antiparallel to 
XA in angle ZADX (see Proposition 1.40(c)). Hence HT || BC. 


Now we will prove that FG'/G'I = 1, Let us focus on triangle AFI and 
collinear points H, G', D on its sides. Menelaus’ Theorem implies 


AH FG’ ID FG! HF AD 
. r a o l1 and hence Gl” / 57 


Sipee HI , the first fraction rewrites as HF/AH = 815A 
(GAH ~ AAFS), where S denotes the intersection of BC and AD, 
Thus the whole problem is reduced to the metric identity concerning the 
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points on the angle bisector only, namely 
SI -AD = DI-TA, 
which is proved in Introductory Problem 33(c), 


40. [Czech-Polish-Slovak Match 2008] Let ABCDE be a regular pentagon. 


Find the minimum possible value of 


PA+PB 
PC+PD+ PE 


where P is any point in the plane. 


Solution. We may assume AB = 1 and let d denote the length of the di- 
agonal in ABCDE. We shall use the Ptolemy's Inequality (see Theorem 
1.46) multiple times. Indeed, if we apply it for (possibly degenerate or 
self-intersecting) quadrilaterals APBC, APBD, APBE (with vertices 
in this order!), we obtain 


PA-1+PB-d2>1- PC, 
PA-d+PB-d>1-PD, 
PA-d+PB-12>1-PE. 


Addition yields 
(PA + PB)(1 42d) > PC + PD + PE, 


* PA+PB | 
PC+ PD+PE ~ 142° 


5. Solutions to Advanced Problems 159 
ne . aE 


11. 


Since this value is attained if P lies on the minor are AB of the circum- 
circle of ABCDE, it is the sought-after minimum. 


It remains to calculate d, which should not be too difficult. For example, 
we may again use Ptolemy's Inequality (in equality case) for ABCD to 
see that 144 = d°. Hence 

d= 1% 


1 
' T2 52 


which is our final answer. 


[Poland 2012] Let ABC be an A-isosceles triangle inscribed in circle 9. 
Arbitrary circles wy, we inscribed in the minor circular segments AC, AB 
of 2 are tangent to Mat H., C, respectively. One of the common external 
tangents of wy and ws intersects the sides AC, AB at P, Q, respectively. 
Prove that lines B’P and C’Q intersect on the angle bisector of AC. 


Proof. The key here is to figure out a way to deal with line H (and 
similarly C'Q). Since H is the center of positive homothety which maps 
N to wy, we aim to interpret P as a center of another homothety hoping 
to exploit Lemma 1.31. 


Let w be the incircle of triangle APQ, As P is the center of negative 
homothety which maps a, to w, the mentioned lemma ensures that line 


B'P passes through the center H~ of negative homothety between 2 
and w. 


Similarly, we argue that C also passes through H~. Hence the inter- 
section of H and C'Q is H~. The conclusion now follows since the 
angle bisector of BAC is the common line of symmetry of both w and 
Q (recall that AB = AC). 
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42, {USAMO 2001) Let ABC be a triangle and let w be its incircle. Denote 


by Di and Ei the points where w is tangent to the sides BC and AC, 
respectively. Denote by Dz and z the points on sides BC and AC, 
respectively, such that CD, = BD, and CE, = AE, and denote by P 
the point of intersection of segments AD») and BE. Circle w intersects 
segment AD» at two points, the closer of which to the vertex A is denoted 
by Q. Prove that AQ = DP. 


Proof. Using the standard notation, CE, = AE; = x and CD, = 
BD, = z. We will show that 

DP _ AQ 

PA PA 
The first ratio is readily found from Menelaus’ Theorem applied for 
triangle ACD) and line BP. We have 


1, hence =---=-. 


On the other hand, Dz is the point of tangency of the A-excirele (call it 
wa) with BC (recall Proposition 1.7(c)). Now we denote by F, F” the 
points of tangency of line AB with w and wa, respectively. Then the 
homot hety centered at A which takes w to wy, also takes F to F. and Q 
to Dz. Thus AAFQ ~ AAF" Dy and the ratios yield 


c 

QD, FF AFA FTF s-z a’ 
where the penultimate equality follows from Proposition 1.7(b). We may 
conclude, i 
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43. [USAMO 2008] Let ABC be an acute, scalene triangle, and let M, 
N, and P be the midpoints of BC, CA, and AB, respectively. Let the 
perpendicular bisectors of AB and AC intersect ray AM in points D and 
E, respectively, and let lines BD and CE intersect in point F, inside 
triangle ABC. Prove that points A, N, F, and P all lie on one circle. 


First Proof. First, we note that triangles BDA and CEA are isosceles. 
Let ZBAM = 6 and ZMAC = . Summing angles in quadrilateral 
BFCA gives 2BFC = 26 + 2p = 22A, which means that F lies on the 
circumcircle of triangle BCO, where O is the circumecenter of triangle 
ABC. Once O is in the diagram, we realize it suffices to prove ZOF A = 
90°, since the circumcircle of AN P has diameter AO. Now we can erase 
points N and P. 


Looking at circle BOC, we may as well decide to prove that A and 
F are collinear with the point T which is diametrically opposite to O. 
The vital step is to observe that T is the intersection of tangents to the 
circumeirele of triangle ABC at B and C. Proving collinearity of A, F. 
and T is thus equivalent to proving that AF is a symmedian in triangle 
ABC (see Introductory Problem 49). 


We will compare angles CTF and CTA. Since AT is a symmedian, we 
have š 
ZCTA = (180° - ZACT) — ZTAC = ZB -ő 


and the cyclic quadrilateral TBFC gives 
CTF = CBF = ZB d. 


Then points A, F, and T are indeed collinear and we may conclude. 


Second Proof. As in the first proof we start by observing that triangles 
BDA and CEA are isosceles and that ZBEC = 22A. Then the trick 


— — 


is to use the Law of Sines and show that ZAFB = ZCFA, Since C, F, 
and D are not collinear it suffices to show the angles have the same sine. 
From triangles BFA and CFA we learn (keeping the notation from the 
first proof) 
A = AB 7 = AC 
sin AFB = sind - Ip · sinZCFA= sin AF 


so to prove the angles are equal, we only need AB: sind = AC Sin g. 
But this follows from the Law of Sines applied in triangles ABM and 
BCM: 


AB -sinô = MB -sin ZAM B = MC -sin ZCMA = AC «sing. 


Since ZAF B + ZCFA = 300° — 22A, we know that ZAFB = ZCFA = 
180° — ZA. From here we also deduce ZBAF = und ZFAC = 6. 

Then AAFC ~ ABFA and moreover, spiral similarity SCF, k, 180° — 
ZA) takes triangle AFC to triangle BFA for a suitable choice of K. 


14. 
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Thus, it also takes N to P, implying that ZNFP = 180° — ZA, which 
means that AN F is indeed cyclic. 


[Balkan MO 2009} Let AI & be a line parallel to the side BC of a triangle 
ABC, with M on the side AB and N on the side AC. The lines BN and 
CM meet at point P. The circumcircles of triangles BM P and CNP 
meet at two distinct points P and Q. Prove that ZBAQ = ZCAP, 


Proof. First we recognize a familiar part of the diagram, Since Q is the 
second intersection of the circumcircles of triangles BM and CNP, it 
is the Miquel point (see Theorem 1.49) of the quadrilateral AM PN and 
hence it also lies on the circumcireles of the triangles ABN and ACM. 


This suggests inverting about A (by far the most *busy” point around). 
But with what radius? As MN || BC, we have 


AM AN 
AB = Ac or AM - AC = AN - AB. 

Guided by the properties of Vbc-inversion we invert about A with radius 
VAM - AC = VAN~ AB and reflect the result about the angle bisector 
of angle BAC, 


A 


In such transformation, points M and C are interchanged and so are the 
points & and B. Hence the circumcirele of triangle AMC is mapped to 
the line ATC and the cireumcirele of triangle ANB is mapped to the line 
NB. As a result, point Q is mapped to P and thus ZBAQ = ZCAP. 


am 
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45. [IMO 1998 shortlist] Let ABCDEF be a convex hexagon such that 


¿B + ZD + ZF = 360° and 


BC DE FA 
Prove that 
I 


Proof. Me have to find a way to employ both t he conditions simultane- 
ously. The first one suggests bringing the angles by B, D and F together. 
In fact, we will glue together three triangles similar to triangles CDE, 
EFA, and ABC, respectively. 

Looking at the desired condition, we see that among B, D, and F, it is 
point D that has a special role (it appears as endpoint of two diagonals). 
That's why we choose D to have a special role in our construction. 


Let X be the point such that DM ~ AEF A (directly). Then 


ED cD 
CDX = WN -4D-ZF=ZB and DX = FA. = BA 


Thus, the triangles CDX and CBA are also similar (SAS). 


Since similarities come in pairs (see Proposition 1.45), we further obtain 
SEFD~ SEAX and ACBD ~ ACAX, 


Finally, expressing the length AX from both the latter similarities yields 


EA CA 
FD- = AX = BD- aE 


which after regrouping terms proves the desired equality. 
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Finally, since the median passes through the centroid G of triangle ABC, 
we may say that 24HH,G = 90°, implying that HM, lies on the circle with 
diameter HG. 

Applying the same reasoning for Ha and He we obtain the result. 
Second Proof. As in the first proof we find that B, C, Ha, and H 
lie on one circle and that ZH Ha A = 90°, But now we invert about H 
(using standard notation for images X + X’). 


By Introductory Problem 44, H is the incenter of triangle ABC. Also, 
the circle BHC goes to line BC and thus Hi € BC’. Finally, the 
circle with diameter AH goes to the line £ perpendicular to AH passing 
through A’, Thus Hi = HC But since f is perpendicular to HA’, the 
angle bisector in triangle A’ BC”, it is in fact the external angle bisector 
of ZB'A'C’. Similarly, we find points My and He. The collinearity of 
Hi, Hi, and Hi we are left to prove, already appeared in Introductory 
Problem 27(b)}. 


Third Proof. (by Daniel Lasaosa) This time we will prove that the 
perpendicular bisectors of H Ha, Hy, and HH, are concurrent. As in 
the previous proofs we observe that Ha is the second intersection of the 
circle BHC and the circle with diameter AH (the other being 11). Then, 
the perpendicular bisector of H Ha passes through the centers of both 
circles. 


Therefore, we denote by Oa, Op, and Oe the centers of circles BHC, 
CHA, and AHB and by Na, Ny, and Ne the midpoints of segments 
HA, HB, HC. Now it suffices to prove that Oa Na. OpNy, and O. N. 
are concurrent, But recalling that the circles CHA and AHB have 
equal radii (see Proposition 1.35(d)) we have OLA = OLH = OH = 
OLA, implying that O,AO,H is a rhombus and therefore Na is also the 
midpoint of O.O,, The desired point of concurrence is then the centroid 
of triangle O,O,0-. 


— 
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47, {IMO 2005 shortlist) Let ABC be an acute-angled triangle with AB ¥ 


AC. Let H be the orthocenter of triangle ABC, and let M be the 
midpoint of the side BC. Let D be a point on the side AB and E a 
point on the side AC such that AE = AD and the points D, H, E lic on 
the same line, Prove that the line HM is perpendicular to the common 
chord of the circumscribed circles of the triangles ABC and ADE. 


Proof. Denote by S the second intersection of the circumcireles of 
triangles ABC and ADE. Then S is the Miquel point of BCED (see 
Theorem 149). Next, we exploit the condition AD = AE. Denote by 
Bo. Co the respective feet of altitudes in triangle ABC. 


From AD = AE we infer ZEDA = A = W° — $2A and thus 
ICI D = ZEH Bo = la which implies that DE is the angle bisector 
of BHC. 


Since the triangles BH Co and CH Bo are similar (quadrilateral BC ByCo 
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48, 


is cyclic) and points D and E correspond in this similarity, we have 


BD _ CE 
DCy EB 


and thus the spiral similarity centered at S that sends B to C and D to 
E maps also Cy to Bo implying that S lies also on the cireumcitele of 
the triangle ACoBo. We continue in a figure without D and E. 


Since ACoH Bo is cyclic, all the points A, S, Co, H, and Bo lie ona single 
circle with diameter AH. Denote by A’ the point on the circumcirele of 
triangle ABC such that AA’ is its diameter, 


As LASH = 90° = ZASA", the points S, H, A’ are collinear, At the 
same time, A’ is the reflection of H about M (see Proposition 1.36) so 
the points H, M, A’ are also collinear. Thus, the points S., H, M are 
collinear and HM L AS as desired. 


[Romania TST 1996] Let ABCD be a eyclic quadrilateral. Draw all 
excenters of triangles ABC, BCD, CDA, and DAB. Show that these 
twelve points lie on the perimeter of a rectangle, 


Proof. Recall that by Introductory Problem 30 the incenters of the tri- 
angles ABC, BCD, CDA, and DAB form a rectangle. 


Denote by Fe, Ja the incenters of the triangles ABC, ABD, and by Ee, 
Vu their respective C- and D-excenters. We already know from the Big 
Picture (see Proposition 1.42(b)) that the midpoint Af of the are AB 
(not containing C) is the common center of the coinciding circles AI EH 
and AljBEy. Since I.E. and 1% E are diameters of this circle, FE glial. 
is a rectangle. 

Applying the very same reasoning to the arcs BC, CD, DA (not con- 
taining D, A, B, respectively) we learn that the four incenters together 
with eight of the excenters form some sort of a cross. It remains to prove 
that the last four excenters are the intersections of its outer sides. 


Let N be the midpoint of are AC containing point B. Focusing on N 
with respect to triangle ACD we find it is the midpoint of JE, where J 
and E are the incenter and excenter of triangle ACD, respectively. 

But at the same time, we note N is also the midpoint of Ea He, where 
Ea is the A-excenter of triangle ABC {again the Big Picture!). 


Hence the diagonals EE, and LE bisect each other at N and BEE J 
is a parallelogram. But since ZE J Ea = 90°, it is in fact a rectangle, 
We are done, 
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49. [IMO 1998 shortlist) Let ABC be a triangle, H its orthocenter, O its 
circumcenter, and R its circumradius. Let D be the reflection of the 
point A across the line BC, let E be the reflection of the point B across 
the line CA, and let F be the reflection of the point C across the line AB. 
Prove that the points D, E and F are collinear if and only if OH = 2R. 


Proof. Recall that the center of the nine-point circle On of the triangle 
ABC is the midpoint of OH (see Theorem 1.37). Hence OH = 2R 
holds if and only if Oy belongs to the circumeircle of triangle ABC. 
This rewording seems more promising. 


A point on a circle and a collinearity should remind us of the Simson 
line (see Proposition 1.44). 


If we denote by X, Y, Z the projections of Oy onto the lines BC, CA, 
AB, then Ox belongs to the circumcirele of triangle ABC if and only if 
the points X, Y, Z lie on a single line. 


Now we will prove that the points D, E, F are the images of X, Y, Z, 
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respectively, under some very particular homothety, Then the result will 
follow since under homothety, the images of three points lic on a single 
line if and only if the initial points do so. 

The center of this mysterious homothety will be the centroid G of triangle 
ABC and the factor will be 4. Once we manage to guess it, the rest can 
be done by many approaches. 


For instance, let M be the midpoint of BC and Ao the foot of A- altitude. 


Since both Ag and M lie on the nine-point circle of triangle ABC, we 
have OyAp = OM and so point X is the midpoint of A0 A. Menelaus’ 
Theorem applied for triangle AAgM and points D, X, and G yields 


NE 1. 
Thus, the points G, X, D are collinear. Finally, let Go be the projection 


of G to BC. As G “trisects” the median and AAp = AoD, we obtain 
GX/X D = GGo/AAo = 4. We are done. 


. [IMO 2006 shortlist] Points A), Bi, Ci are chosen on the sides BC, 


CA, AB of a triangle ABC, respectively. The circumcircles of triangles 
ABıCı, BCA, CAB, intersect the circumeircle w of triangle ABC 
for the second time at points Ag, Bi. Cz, respectively. Points As, By, 
Cy are symmetric to Ay, Bi, Cy with respect to the midpoints of the 
sides BC, CA, AB, respectively, Prove that the triangles AH and 
Hin are similar. 


Proof. First of all, we identify Az as the center of spiral similarity 
S( Az, k, ZA) which (for some k) takes Ci to By and B to C (see Propo- 
sition 1.47). Then it takes BC, to CB,, thus its factor & equals 

CB, 


ku =, 


BC; 


This gives us a chance to use the definition of By and Cy, as we have 
BC, = AC; and CB, = AB; and thus also k = AB;/AC 3. Now the vital 
observation is that triangle A CN has the very shape that is produced 
by spiral similarity $! Therefore, we have SABsCy ~ AAC B (SAS), 
Similar argument shows CAA ~ AB2AC and SC As By ~ ACBA. 


The rest is easy, since we can forget points Ar, Bi, Ci and represent 
angles in triangle AByC (and the other two) as some arcs ofw. Indeed, 
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writing this down in the language of directed angles gives 


Cas. Ag By) = 2(C3A3, BC) + Z(BC, As By) 
= Z(AC, CB») + 2(C2B, BA) 
= LAA, Az + L(CrA2, A) = n, A2 


and the conclusion follows from analogous arguments. 


[IMO 2002 shortlist! The incircle w of the acute-angled triangle ABC is 
tangent to its side BC at a point K. Let AD be an altitude of triangle 
ABC, and let M be its midpoint. If N is the common point of the circle 
w and the line KM (distinct from K), then prove that the incircle w 
and the circumeircle « of triangle BCN are tangent to each other at 
the point N. 


First Proof. If b = , the problem is trivial. Hence we may assume 
b >e We introduce point N’ € w such that circle through BCN’ is 
tangent to w. Being clueless as to what we should do with the midpoint 
of AD, we choose a computational approach to show that N = N’. 
Observing that both distances DM and DK are approachable in terms 
of x, y, 2, we decide to prove that 


tan NKB = tan ZN N. 
We plan to express both sides in z, y, and = and then easily compare. 
As mentioned, for the left-hand side it is easy: 


MD __AD/2 _ K 
tan NKB = DE = BK- BD” aly coos ZB) 


- 2K 


= Qyly + 2) — 2accos ZB" 
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where N denotes the area of triangle ABC. Even though we used more 
triangle elements than just z, y, and = this form suffices for now. 


B ) K C 
For the right-hand side we need more thought. The good thing is, we 
can erase point A. Draw the common tangent of w and a” at N’ and 


denote its intersection with BC by X. Also, let J be the center of w, 
Since X KIN" is a cyclic kite, we have Z2N’K B = ZX LK, hence 


tan ZN'KB tan ZX1K = 15 


Also, by Power of a Point we have 
XB-XC = XN? = XK?, 
from which we can find 
(XK HNA XK and XK = ne 


At this point, we are only left to do some routine algebra, since using 
xyz formulas (see Proposition 1.8) we can express everything in z, y, 
and 2. We will just ease our lives a bit by clever use of area formulas: 
z 2K 
tan ZN'KB = Ee = E o a e; 
S - K(z-y) 2 - 

Now it suffices to compare the denominators. After using the Law of 
Cosines, we are left to prove 


2x(z = y) = 2y? + Qyz + (x + 2)? — (y + 2)? — (u 02, 
which is immediate after expanding, since as we can see, the right-hand 
side simplifies significantly. 
Thus, we have proved N = N” and the problem is solved, 


Second Proof. A synthetic approach is not only possible, but also 
very beautiful. Again we work with the incenter I of triangle ABC and 
we draw the tangent to w at N and denote its intersection with BC 


— 


ANA 
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by X. By Power of a Point, we need to prove that XN? = XB - XC. 
Note that the point P = KN NIX is the midpoint of KN and also 
that XJ L KN. From right triangle INX, we learn (see Introductory 
Problem 2) XN? = XP- XI. Thus, we need to prove that point P lies 
on the circumcirele of triangle BIC. 


Looking at the right angle KPI we decide to introduce the A-excenter 
E of triangle ABC, since it is antipodal to I in circle BIC as we know 
from the Big Picture (sce Proposition 1.42). But now we only need to 
prove that Æ lies on the line KM! We have reduced the problem to a 
simpler one, but there is still work ahead of us. 


Let Y be the point of contact of the A-excircle ws with BC and let YZ 
be a diameter of wa. We place BC vertically and consider homothety 
with center A which sends w to wy. Since K and Z are the “rightmost” 
points on the respective circles, they correspond in the homothety and 
thus are collinear with A, Finally, this means that K is the center of 
a homothety which takes triangle ADK to triangle ZYK and thus the 
midpoint of AD is taken to the midpoint of ZY, ie. M is taken to E. 
This proves the collinearity of M, K, and E and we may conclude. 


— 
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52. [Sawayama’s Lemma] Let ABC be a triangle inscribed in the circle w. 
Point D is chosen on the side BC, Circle w is tangent to the segment 
BD at K, to the segment AD at L and to w at T. Prove that the line 
KL passes through the incenter I of the triangle ABC. 


Proof. (Inspired by ideas of Jean-Louis Ayme®) Without loss of gen- 
erality assume ZDAC < 34 and place BC horizontally. 


To make use of the tangency of the circles w and wy, denote by K” the 
second intersection of TK with w. The homothety with center T which 
takes w to w, then takes K to K", thus K“ is the “bottom” point of w 
i.e, the midpoint of are BC (not containing A). A connection with the 
incenter emerges. Draw the bisector AK’ of ZA. 


Instead of dealing with J, let J be the intersection of AK’ and & L. We 
will prove that J in fact coincides with J. 

Since J lies on the angle bisector of ZA, it suffices to prove it has the 
expected distance from K’, ic. that K’J? = K'B? (recall Proposition 
1.38). 

As the latter equals K K - K'T (see Shooting Lemma - Proposition 
1.40(b)), by Power of a Point it is enough to prove that the circumeircle 
of TK J is tangent to K'A, or in other words that KT = ZAJT. 
Since AKT subtends are LT on w, it is equal to ZALT. The whole 
problem therefore reduces to proving that quadrilateral ATJE is cyclic, 
which is straightforward, since we may erase points B, D and C. We 
offer two approaches. 

First approach. Let I be the common tangent of w; and w. Since the 
angle ZT LK inscribed in wi and angle ZTAK” inscribed in w are both 
equal to the same angle by £, quadrilateral ATJL is cyclic, 


“Jean-Louis Ayme is a contemporary French gometer. 
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Second approach. Let L“ be the second intersection of TL and w, 
The homothety centered at T which sends w to w maps KE to KIL, 
so KL || K'L’, Looking at angle between lines AJ and TL, line K L' is 
antiparallel to AT and thus so is JL. 


Remark. This problem together with Introductory Problem 38 estab- 
lishes (can you recognize the configuration?) the celebrated Sawayama’- 
Thébault’s* Theorem which states that in the following diagram, lines 
KL, MN, and H are concurrent at the incenter I of triangle ABC. 


53. [IMO 2008] Let ABCD be a convex quadrilateral with BA different 
from BC. Denote the incircles of triangles ABC and ADC by wy and 
wz, respectively. Suppose that there exists a circle w tangent to ray BA 
beyond A and to the ray BC beyond C, which is also tangent to the 


*Yusaburo Sawayama (1860-1936) wes a military instructor in Tokyo with genuine inter- 
est in geometry. 
Victor Thébault (1882-1960) was a renowned French geometer. 
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lines AD and CD. Prove that the common external tangents to wi and 
w intersect on w. 


Proof, Place AC horizontally with B above it. 


First, recall that since ABCD has “escribed” circle w, the incircles w, 
w of the triangles ABC, ADC are tangent to the diagonal AC at two 
symmetric points (see Introductory Problem 51({c)). 


Thus, if we denote them by P, Q, respectively, then Q is the point 
of contact of the B-excircle of triangle ABC and similarly, P is the 
point of contact of the D-excircle of triangle ADC, both with AC (recall 
Proposition 1.7). 

Hence the line BQ passes through the “top” point of w; (denote it by 
Q"), and DP passes through the “bottom” point of w, which we denote 
by P’ (see Proposition 1.30). 

The intersection of the common external tangents to w and w is nothing 
but the center of the positive homothety H that maps wy to w (see 
Proposition 1.29). Forget the tangents. 


Let X be the “top” point of w. We will prove that X is the center of H. 


First, we focus on the line passing through B, Q’, and Q. Denote it by 
2 


As Q' and Q are the corresponding points on wi, wa (namely their top“ 
points), line £ passes through the center of H. However, since both wy 
and w are inscribed in age ABC, and / intersects w at its “top” point 
Q’, it intersects w at its “top” point (ie. X) too, 
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Similarly, denote by & the line passing through D, P’, and P, 


Then P and P” also correspond under H (they are the “bottom” points 
on wr, w2), hence & passes through the center of it. At the same time, 
the homothety centered at D which sends wy to w maps the “bottom” 
point P’ of wz to the “top” point X of w. Thus, “ also passes through 
aes 


Finally, from AB # BC we infer that C and H do not coincide. As the 
center of H lies on both of them, it has to be X. 
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(v) Show that there are infinitely many triples of rational numbers x, y, 2 
for which this inequality turns into equality. 


Solution. First, make the substitution 
xr ie m4 2 


— — e. 


i 5 7 —1 
Clearly, if a,b,c 4 1, this is equivalent to 


a b e 
deh Sa | 


I kel? c-1 
It suffices to show that 


z= 


a ee? >I, 
Now, from the given condition ryż = 1, we have 
(a = 1)(6 = 1)(e — 1) = abe, 
which is equivalent to 
a be- abt be cu 
which implies the following chain of equations 


Aa+b+e-1)=(at+b4c)? - (+e +) 
a? ++ 2 (a+b4c)? -Aath+c) 
a +c -La(atbte-1), 


Since the square (a + b+ = 1)? > 0, we must have a? +b? 4 > 1 as 
claimed. 


For part (b), note that equality occurs, that is 
a+b? +c -1=(a+b+c-1) =O, 
if and only if a? +P +c =a+b4c¢=1. Since 
+h +e =(at+b+eP—-Aab+be+ea) and d2 4 U +e 2 l. 


i a bel, we must have ab + be + co = . 


Thus the equality case is given by triples (a, b. c) such that a,b,c # 1 
that solve the following system: 


atbtcel, ab+be+caa=0, 
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Thus Sz = SıS3. Also note that by the triangle inequality 
ISi] = [2a + 22 + 23] < Jail + [za] + lea = 3. 


Now we are in good shape, since the problem is reduced to a small 
number of cases. We will use the previous relations together with the 
fact that S; = 21 + 22 + 2y is an integer. 


Case 1, Suppose Sı = 2 or 3, From the triangle inequality, we have 
3 = jal? + lza? + lza > 2? + 23 + 23 = f 282. 


This implies that Sy must be positive, which gives us Sy = 1 and conse- 
quently S = Sı. From Vieta's relations, 2), 22, 23 are the roots of 


O-37+3t-1=(t—1)*; (if S1 =3), 


P- 20? + 2 1 (t-1)(? —t4+1); (if Sy = 2). 
From the first equation, we find 21 = 22 = 23 = 1. From the second, we 
obtain 


x ta A A vie z 
121 22, 23} = (() i sin (5) -cos (~3) i sin (-3)}. 
If S; = —2 or —3 we get the negatives of the previous solutions. 
Case 2. Suppose Sı = 1, Then it follows that S2 = S3 = +1 and from 
Vieta's relations, z1, 22,23 are the roots of 


O-P+t—-1=(41)(t-1); if S2 =S = 1. 


45 A 41-07 21): if S2 S = l. 


From the first equation, we find the solutions {21,22,33} = 1 f. =i}, 
and from the second, we obtain {z}. 22, 23] = 11, 1. 1]. If S = —1, 
then we get the negatives of these. 


Case 3. Suppose Sı = 0. Then S2 = 0, and as noted earlier Sy = £1. 
Then by Vietu's relations, 21. 22,23 are the roots of 


P-1=(t-1I(F+t+1); if S;=1, 


or 
ei- (t+ DE-, if S=. 


— re ee 
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46. Let P(x) be a polynomial with real coefficients such that P(x) > 0 


for all x > 0. Prove that there exists a positive integer m such that 
(1 +2)": P(z) is a polynomial with nonnegative coefficients. 
Solution. We first consider the special case where P(x) = his 
quadratic polynomial with leading coefficient 1 and no real roots (hence 
negative discriminant h — de < 0). In this case we expand A(z) = 
(1+ 2)"P(2) using the binomial theorem as follows: 


A(z) = 2"*? + ((7) 0 1 14 (60 . (50 eee 
(20-70 %%% 
„(O- =-- 


We see that the coefficient of 2"~* will be (eto) = b- (Ai +e- . 
Expanding the binomial coefficients and putting this over a common 
denominator, this coefficient is 


ariy ((n fn K — 1) U + 2)(n — k) + olk + 1)(k + 2)) 


1 c + (14 2b 4+ Bo — (b+ 2)n)k + (n? = (25 + 1)n + 2c}). 


The second factor is a quadratic polynomial in & with positive leading 
coefficient (since P(—1) = 1 +b +c > 0). Its discriminant is 


A = (b? = de)n? + (25? + 6 be- Achn + (2b + 1)? + c? + Abe 2c. 


Viewing this as a polynomial in n, we see that since the leading coefficient 
is negative we will have A < 0 for all sufficiently large n. But this is 
exactly what we needed, since it implies that for large n the quadratic 
in & above is always positive. Thus every coefficient of A(x) is positive. 


Note that the claim is also true in the case where P(x) = +r is a linear 
polynomial with P(x) > 0 for z > 0 (that is, r > 0). Since in this case P 
already has positive coefficients and m = 0 suffices. Similarly, the claim 
is trivially true if P is a constant polynomial P(r) = ¢ > 0. 

For the general case, we notice that if two polynomials have nonnegative 
coctiicients then so does their product. Thus if the claim is true for two 
polynomials, then it is true for their product. Thus the examples above 
show that the problem is solved for any polynomial P of the form 


P(x) = e(e+r1)(2+12)(2+1e)(x? bre) )(27—byx+eg) ... H= jei 
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Now, (7) is divisible by p, if 1 S m S p~1, so C -() = (-1)™ 
(mod p), which completes the proof of our claim. 


Substituting this result into our expression for f(p I), we obtain 


p-2 
fip- 1) =(-1P Ý Sk) (mod p). 
ket 
Clearly, if p is odd, this implies 
f(0) + fl) +... f(p-1)=0 (mod p) 


and a quick check will show that this works for p = 2 as well. This result 
holds for all polynomials with integer coefficients with degree less than 
or equal to h 2. Now we will show that this result contradicts the given 
conditions to complete the proof. 


Indeed, from condition (b), we have that f(0)+4 f(1)+--- +f(p-1) = 5. 
where j denotes the number of elements n € {0,1,....2 — 1} for which 
f(n) = 1 (mod p). But condition (a) implies 1 <j < p= 1, giving 


S(O) + {QL} +--+ S(p— 1) FO (mod p). 
This contradiction completes the proof. 


. Prove that for any positive real numbers x,y,z such that tyz >1: 
o-2 P- ža | 
Popes Perez? Srp O 


Solution. Use the Cauchy-Schwarz inequality for Je V = and VS. y, 2: 
1 2 
(2? +? +2")? = (JVB tvu) 


1 
rah e 2 2 5 2 2 
( ) 


< (yz +y? + 27)(z* 4 y? + 2?) 


which implies 
P r-r 1 Er z -yz 
x+y? +2? reyes eye st reyes 
Similarly, 
ot p- 


prose REITIT 


— 


— 
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holds for all real numbers a,b,c, 
Solution. Consider the polynomial 


P(t) = th(t? — 6?) + beft? — e) + etle - t). 


Clearly PI = P(e) be = 0. Noting that the leading coefficient 
is b — e, we have 


P(t) = (b= e)(t = et — c)(t +54). 


The left hand side of the desired inequality is thus just |P(a)|. It suffices 
to find the smallest / that satisfies 


|P(a)| = |(b - e)(a — b(a — cla +b + o)l < M (a? +P? + . 
Without loss of generality assume a < b < c. Hence by AM-GM, 

la- 00- es E 
with equality if and only if b— a = ¢— b, that is 2b = a +c. Further, we 
* (t-a) (c-b)? + b-a)? 

2 = 2 
This is equivalent to 
le- a)? < 2- lb - a)? + (c — b)? + (c — a)" }. 

Combining these two relations we have 


--- s Ìle- a) (a+b +e) 
= F (c-a)*(a+b+e) 
(Heei eat J reser 


2 


3 
ö e ee 


Applying the weighted AM-GM inequality, we attain 
2 


~ a)? + (c-b)? + (c-a)? Y)? 
g ((e St") ec 


— 2 — 
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52. Find all monic polynomials P(x) with integer coefficients of degree two 


for which there exists a polynomial Q(z) with integer coefficients such 
that P(2)Q(2) is a polynomial such that all of its coefficients are either 
+lor -I. 


Solution. First, we see that P is of the form P(x) = z? 4+ ar+1 
for some integer a, since the constant term of P(x)Q(x) is +1. Let 
PIT = 2" + an-iz"™! d + aq, where a; € {—1,1}, as 
stated by the problem condition. 

Then, observe the following: if z is a complex number with |z] > 2, 
then z is not a root of P(x)Q(x). We can prove this with the triangle 
inequality, along with the reverse triangle inequality, which states that 
la — b| > Jjal — |b] > ja] — [| for complex numbers a and b. Then, we 
have that 


|P(2)Q(2)] = [2" -i ++ 41 + 0 
> le- J- 12 1 + an-22”7? +- 4 41 + aol 
> la" — (Is n: * 1 1) 


EE 1 17 > le- G- Y=120. 


Now, if P(x) , notice that this prevents |a| > 3. Then, P(x) 
has two real roots, since its discriminant is nonnegative, which are also 
roots of P(z)Q(x). Then, one of the roots of P(r) would have magnitude 


lal + vat 1 _ 34+ V3? -i 
— > 2s oo 


* 


which contradicts what we just proved. Similarly, if P(x) = 2? 4 ax 1. 
this prevents ja] > 2, since one of the roots of P(x) would then have 


magnitude 
lal + Va? +4 wat 24+ aves, 


which is a * 
Finally, this leaves us with the candidates 


P(x) = 2? tl, tart l. 11 + 2 4 l, 2 - 2241, 
An easy check shows that we have the respective solutions 


Or) =. I. - I. 2711. 


— — 
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53. Let a,b and c be positive real numbers satisfying 


min(a+b,b+cc+a)>V2 and a+ =. 


Prove that 
a Se ee eee E 
(b+e-ay (c+a—b)? (a+b—c)? = (abe)? 


Solution, To eliminate the min function, without loss of generality 
assume a > b> c. We then have b+c > N. 


By Cauchy-Schwarz, we have 
(0? + )(1? + 17) > (b+ 0)" > 2 
which implies be + & > 1. It follows that 
a? =3- (4+) <2 
which implies a < V2 < b+c. Thus we have b+ c= a > 0 and similarly 


cab and a+b—ec> 0, In other words, a,b,c satisfy the triangle 
inequality. By Hélder’s inequality, we have that 


3 
La = e- obte- a) z (=) = 27. 
cyc eye — Z 


By Schur's inequality, we have that 


Y a’(b +c- a) < Babe 
ce 


and 

Y a’(b+ c-a) < abela +b +c). 

eye 
Finally, combining all inequalities and noting that by Cauchy-Schwarz 
(a +b +e)? < (a? +6 +e? +1? + 1°) = 9, implying a +b +c < 3, 


we have 
9 3 


a 
L Fe aF 2 abaroa = (abe? 


as claimed. 


— — ———— — 
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54. Let ay, bi, 4g. bzs -ans Ùn be nonnegative real numbers, Prove that 


* * 
>D minfa;aj, b;bj) < 54 min (ash, ayb,). 
ig=t ijel 
Solution. We start with a lemma: 


Lemma, Let rieren be nonnegative real numbers, and let 
I. %2.....E%q be real numbers. Then the following inequality holds: 


> r min, ry) > 0. 


lxiuen 


Proof. Assume without loss of generality that 11 < ry <... € rn. Then 
the inequality reduces to 


n=l 
Srl n * zj 2 0. 


ísl i=l j=i+l 


n 

Set 8. = De Noting that z; = s; Sete the above inequality is 
jet 

equivalent to 


rasi + (ra — r1)83 +e + (ra reis > 0, 


which is clearly true, proving our lemma. 


Let 
ment .) 1 
minfa; b) ` 


If the denominator of r; is O, we can set r; to be any nonnegative number. 
Also, let 


x; = sgn(a; — b,) min(ay, b). 
The key insight is the following identity, which is easy to prove, but very 
hard to find: 
min(a;bj ajb) — min(ajaj, ; = ziz; min(ri, rj). 


Note that if we switch the values of a; and hu, both sides negate. Hence 
we may assume a; > b and a; > bj, which gives us two cases. 


—— vemen — —m— m - 


we 


Other Books from XYZ Press ` 225 


17 


1. 


Other Books from XVZ Press 


Andreescu, T.; Kisatanin, B., Math Leads for Mathletes - a rich resource 
for young math enthusiasts, parents, teachers, and mentors, Book 1, 
2014. 


. Andreescu, T., Mathematical Reflections - two more years, 2013. 


Andreescu, T.; Rolinek, I.; Tkadlec, J., 107 Geometry Problems from 
the AwesomeMath Year-Round Program, 2013. 


. Andreescu, T.; Rolinek, M.; Tkadlec, J., 106 Geometry Problems from 


the AwesomeMath Summer Program, 2013. 


. Andreescu, T., 105 Algebra Problems from the AwesomeMath Summer 


Program, 2013. 


. Andreescu, T.; Kane, J., Purple Comet Math Meet! - the first ten years, 


2013. 


- Andreescu, LM Dospinescu, G.. Straight from the Book, 2012. 
. Andreescu, T.; Boreico, I; Mushkurov, O.; Nikolov, N., Topics in Func- 


tional Equations, 2012. 


. Andreescu, T., Mathematical Reflections - the next two years, 2012. 
. Andreescu, T., Mathematical Reflections - the first two years, 2011. 
- Andreescu, T.; Dospinescu. G., Problems from the Book, 2nd edition, 


2010. 


— äßʒ— — —— + 


